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Sequence and
Series

ARITHMATIC PROGRESSION (A.P.)

(KEY FACTS)

1. A sequence is a set of numbers specified in a definite order by some assigned rule or law.

Ex. 2,7,12,17.... (Each succeeding term is obtained by adding 5 to the preceding term)
1,2,4,8, 16.... (Each succeeding term is obtained by multiplying the preceding term by 2)

A finite sequence is that which ends or has a last term.

Ex. 5,9,13,17, 21.

An infinite sequence is one which has no last term.

Ex. 3,6, 12,24,48....

In general, a, or T, denotes the nth term of a sequence.

2. An expression consisting of the term of a sequence, alternating with the symbol ‘+’ is called a series.
2 . .2 46
Ex. The sequence —,—,—, .... expressed as a series is —+—+—+....
357 3 57
3. Arithmetic Progression (A.P.): A sequence is called an arithmetic progression if its terms continually increase
or decrease by the same number. The fixed number by which they increase or decrease is called the common
difference. Three quantities a, b, c willbe inA.P.ifb—a=c—b,ie,2b=a+c.

(a) nth term of an A.P.: The nth term of an A.P.a,a+d,a+2d,a + 3d, ... is
T ,=a+@nm-1)d

where T, denotes nth term, a the first term, n the number of terms and d the common difference.

Also, common difference d=T7,-T,_,.
Ex. The 9th term of the A.P.: 2, 5, 8.... is
Ty=2+(9—-1)x3=2+24=26.
Note: Herea=2,d=3.
(b) Sum of n terms of an A.P.
Letthe A.P.bea,a+d,a+2d, ... Let [ be the last term and S the required sum. Then,

N f .
S = g (a+1)= umber20 terms (First term + Last term)

= g (@+a+@m—1)d= §(2a+(n—1)d),
where 7 is the number of terms, « is first term and d is common difference.
Also, nth term = Sum of # terms — Sum of (n — 1) terms
ie., r,=§,-S,,-
Ch 1-1




Ch1-2 IIT FOUNDATION MATHEMATICS CLASS — X
Ex. The sum of 20 terms of the the A.P. 1, 3,5,7,9.... is

S

20
0= S @X1+20-1)x2) (- a=1,d=2,n=20)

=10 x 40 = 400.
(¢) Arithmetic Mean: The Arithmetic Mean between two numbers is the number which when placed between
them forms an arithmetic progression with them. Thus if x is the arithmetic mean of two given numbers a and
b, then @, x, b form an A.P.

a+b
X—a=b-x = x= 5
6+ (—4
Ex. (a) The arithmetic mean between — 4 and 6 is ; ) =1.

(b) Find 4 arithmetic means between 3 and 23.
Let4,, 4,, 4;, A,, be the four arithmetic means between 3 and 23.
Then, 3,4, 4,, A5, A,, 23 form an A.P.
Here, Firstterm =a =3
Sixth term = T, = 23
Number of terms =n =6
Common difference=d =?
T,=a+(n—-1)xd
= 23=3+(6-1)xd
= 23=3+5d =5d=20 =>d=4.
A =3+4=7,4,=7+4=11,4,=11+4=15,4,=15+4=19.
(d) Some useful facts about an A.P.

1. Ifeach term of a given A.P. is increased or decreased or multiplied or divided by the same number, the
resulting progression is also an A.P.

a—>b First term — Second term
II. Ifa, b, c arein A.P, then =1,ie., - =1.
b—c Second term — Third term

(e) If we have to find an odd number of terms in A.P. whose sum is given, it is convenient to take a as the middle
term and d as the common difference. Thus, three terms may by taken as a — d, a, a + d and five terms as
a-2d,a—d,a,a+d, a+2d. [Solved Ex. 13, 14]. If we have to find even number of terms, we take a —d, a +d
as the middle terms and 2d as the common difference. Then, four terms are taken as a —3d, a —d, a +d, a + 3d.

SOLVED EXAMPLES

Ex. 1. The 8th term of a series in A.P. is 23 and the 102th term is 305. Find the series.
Sol. Let a be the first term and d be the common difference.

Then, T,=a+@®-1)d = 23=a+7d (i)
T,y =a+(102-1)d = 305=a+101d ...(ii)
Eqn (i) — Eqn (7)
= 944 =282 —~  4d=3

Now substituting d =3 in (i), we get 23 =a + 21 = a =2.
a=2,d=3 = Seriesis2+5+8+11+....

Ex. 2. If a, b and c be respectively the pth, gth and rth terms of an A.P., prove thata (g—r)+b (r—p)+c(p—q) =0.

Sol. Let 4 be the first term and D the common difference of the given A.P.
Then, T, =4A+@E-1)D=a (D)
T,=A+(@-1)D=b ...(iM)
T =A+(F-1)D=c ...(iih)



SEQUENCE AND SERIES Ch1-3
S (@) x (g —r) + @) x (r—p) + @) * (p—q)
= Allg-nN+@-p)+@-9l+Dp-D@G-nN+t@-D@r-p)+r-1@p-9)]
=a(@-r+b(r-ptclp-q)
= A[0]+D[pg—q-prtr+qr—r—pg+p+pr-p-qrtql=alqg-r)+b(r-p)+tcp-q)
= a(g-r+b(r-p)tclp-g)=4x0+D x0=0.

1 4
Sol. Here a=19,d = 18§—l9=—§

Let the nth term be the first negative term. Then,
T, <0 = at+(n-1)d<0
=19+ @m-1) (-4/5) <0

4 4
=19—-—n +—<0
5 5

99 4 99 5 99 3
= ———n<0 = p>—X—on>—=24=—
5 5 5 4 4 4
= n=25.
Ex. 4. Find the sum of the series 101 + 99 + 97 + .... + 47.

Sol. In this case, we have to first find the number of terms.
Herea=101,/1=T7,=47,d=99 - 101 =2
47 =101 + (n — 1) x (-2), where n = number of terms
= 47=101-2n+2
= 2n=103-47=56 =>n =28

n
S =—(a+!
; 2(a )

28
= S,g= ?(101+47) =14 x 148 = 2072.

Ex. 5. The sums of » terms of two arithmetic series are in the ratio 2n + 1 : 2n — 1. Find the ratio of their 10th
terms.
Sol. Let the two arithmetic seriesbe a, a +d, a +2d ..... and A4, A+D,A+2D, ...
n/2[2a+(n—-1)d] _2n+1
n/2[24+(n—-1)D] 2n-1
2a+(n-1)d 2n+1
24+(n-1)D 2n-1

Given that,

t +9d 2a+18d
Ratio of the 10th terms of these series = —> = a L
T,y A+9D 24+18D

. . ho 2a+18d 2x19+1 39
Putting n =19 in (i), we have —= = =—.
Ty, 24+18D 2x19-1 37

1
Ex. 6. The sum of the first n terms of the arithmetical progression 3, SE , 8, ... is equal to the 2nth term of the

1 1 1
A.P. 16? 285, 405, .... Calculate the value of n.
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1 1
Sol. For the A.P. : 3, 55, 8, ... a=3,d= 2§,number of terms =n
n n 5
S =—Ra+m-1Ddl=—=|6+(n-1)x=
= n 2[a (n—1)d] 2( (n—=1) 2) (i)
1 1 1 1
For the A.P.: 16—,28—,40— ... a=16—,d =12.
2 2 2 2
1
I,=a+Q@2n-1)d= 16E+(2n—1)><12 ..(i0)
. n 5 33 . ..
Given, §, =T, = B 6+(n—1)5 :7+(2n—1)><12 (From (i) and (i7))
2 2
On 507 50 _ 33 oan—12 L N L Y
2 4 4 2 4 4 2
5 89n 9
- 22 2o = 5n>-89n—18=0
4 4 2
= S5 —-90n+n—-18=0 = S5n(n-18)+1(n—-18)=0
1
= n-18)5n+1)=0 = n=180r—§

Ex. 7.

Sol.

Sol.

= Neglecting — ve value, we have n = 18.

a,ta,+az+..+a, p? a,
Leta,, a,, a,, ...... be the terms of an A.P. If == (p # q), then find —.
a +a,+a;+..+a, ¢ a,,
(AIEEE 2006)

Let d be the common difference for the A.P.; a|, a,, aj, ....
S, _p/2[2a+(p-Dd]_p*
TS, q/2[2a+(qg-Dd] ¢

2a1+(p—1)d_£
2a,+(q-1)d 4

Then

= q[2a;+(p-1)d]=p[2a; +(q-1)d]

= 2a,q+ pgd —qd =2a,p + pqd — pd = pd—qd=2ap-2agq
= dp—-q)=2a,(p—-9) = d=2a,
Term6 a;  a+(6-1)d _ g +5x2q; llag; 11

Term2l a,, a +Q2l1-1)d a +20x2a, 4la, 41

Now

If the number of terms of an A.P. is (2n + 1), then what is the ratio of the sum of the odd terms to the
sum of even terms? (NDA/NA 2008)

Letthe AP.beaq, a+d a+2d,..,a+(2n-1)d,a+2nd
Then, the progression of odd terms is @, a + 2d, a + 4d, ...., a + 2nd.
This progression has (n + 1) terms.

Its sum = ”;1 [a+a+2nd] =HT+1[2a +2nd]=(n+1) (a+nd) ()
The progression of even terms is a + d, a + 3d, ...... a+(2n-1)d

This progression has n terms.
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Ex. 9.

Sol.

Ex. 10.

Sol.

Ex. 11.

Sol.

Its sum = g [(a+d)+(a+@2n-1)d] = g[Za +2nd]=n(a +nd) ...(ii)

Sumof odd terms  (n+1)(a+nd) n+1
Sum of even terms n(a+nd) n

If the sum of the roots of the quadratic equation ax? + bx + ¢ = 0 is equal to the sum of the squares of
their reciprocals, then show that ab?, ca?, bc? are in A.P. (DCE)
Let a., B be the roots of the equation ax? + bx + ¢ = 0.

Then o + 3 =—-b/a, af = c/a

Given, Sum of roots = Sum of squares of reciprocals of roots

11 o +B° (0.+B)* — 20
= a+Bf=—F+— = atp= = otf=—s—
ety e T oy
2¢
(_b/a)2 - b b2 _ 2
= fb/a=—2“ = __:—20(1 = —bct=ab*-2ca®
(c/a) a c
= 2ca®=ab®+ bc? = ab?, ca?, bc? are in A.P. ("~ abcinAP.=2b=a+c¢)
an+l n+1
Find the value of n, if Tb” is the arithmetic mean between a and b. (WBJEE 2009)
a
. ) . a+tb
The arithmetic mean between a and b is
+ b n+l +bn+l
Given, a =2 —
a'+b
= (a"+b") (a+b)=2(a""+b"") = a™'+a'h + b'a + b =2a" + 20"
= an+1 + bn+l =a'b + b'a = (an+l o ban) _ (bna _ bn+1) =0
= d"(a-b)-b"(a—b)=0 = (@-b")(a-b)=0

= (@"-b")=0o0r(a—b)=0
Butazb=a-b=0

n 7 0
a a a
Ld - =0=a=b= || =1 = [Z|==| = n=0.

If log, 2, log,, (2* — 1) and log,, (2* + 3) be three consecutive terms of an A.P., then find the value
of x. (AMU 2012)

Given, log, 2, log,, (2* - 1), log,, (2 + 3) are in A.P. Then,
log,, (2* 1) —log,,2 = log,, (2* + 3) —log,, (2"~ 1)

= log 2 -1 = log E
10 B 10 2 _q

271 243
ST = (2'-1)2=2(2"+3)
— 222274+ 1=22+6 = 2242 -5=0
— 22527425 5=0 = 2¥(2X-5)+1(2X-5)=0
= (25-5) 2"+ 1)=0 = 2¢=5 (25 -1)

= x =log,S.
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1
Ex. 12. Ifa, a,, a,, ... a, be an A.P. of non-zero terms, then find the sum: a4 AP aco . (AMU 2009)
Gma, a,a a,,4,
Sol. Leta,—a,=ay;—a,=...... =a,—a, ,=d(common difference)
1 1 1 1| d d d
Then, - F o + == + F o, -
aa, a,a, a,,a, d|aa, aya, ay1ay
_ — a —a
L Sl W e P hn T L R L S AL
d| aa a,as adp4, dla, a a, a O

o1y lla-a | _l|(@g+n-Dd)—a | n-1
dla a d| aa d aa, aa,

n n

Ex. 13. If the sides of a right angled triangle form an A.P., then find the sines of the acute angles. (VITEE 2008)

Sol. Let the AABC be right angled at C.
Then, AB=c¢,BC=a, AC=b A
Given, the sides of the right angled A are in A.P. = a, b, ¢ are in A.P.
Now, leta=x—-d, b=x,c=x+d
(d being a +ve quantity as ¢ being the hypotenuse is the greatest side)
¢ =a?+ b*> (Pythagoras’ Theorem)
= (x+df=@x—d’+x° B a4 ¢
= x>+ 2xd + d> = x> - 2xd + d* + x*

= dxd =x* = a’:%.
3 5
a=x—d=x—£=—x,b=x,c=x+d=x+x/4=—x
4 4 4
C being the right angle, 4 and B are the acute angles.
) a 3x/4 3 _ b x/5 x 4
sind=—=——=—andsinB=—=——=_—-=—
c  5x/4 5 c x/4 5x 5

4

9

| W
YIS

The sines of the acute angles are

Ex. 14. a,, a,, a,, a,, a are the first five terms of an A.P. such that a, + a; + a;=-12 and a,.a,.a, = 8. Find the
first term and common difference.
Sol. Leta, =a3—2d, a2=a3—d, ay = a,, a4=a3+d, a5=a3+2d
Thena, +ay + a; =-12, (given) > a; - 2d +ay; +a, +2d =-12 = 3a;=-12 = a; = -4
Also, a, . a, . a; = 8 (given)
= a.a,=2 (ay=-4) = (a;-2d)(a;—d)=-2
= (-4-2d)(-4-d)y=-2 = Q+dy(@d+d)=1
= d?>+6d+9=0 = (d+3)P=0=>d=-3
a,=ay,—2d=-4 -2(-3)=2.
a(b+c) b(c+a) c(a+b)
be ’ ca ab

Ex. 15. If a, b, c are in A.P. show that are in A.P.

Sol. a, b, c are in A.P.

b
= L, —_—, < are in A.P. (Dividing each term by abc)
abc abc abc



SEQUENCE AND SERIES

Ch 1-7

1 1
= —,—,— areinA.P.
bc ac ab
ab+bc+ca ab+bc+ca ab+bc+ca ) L
= , , are in A.P. (Multiplying each term by ab + bc + ca)
bc ac ab
b+ b+b
_, abtea ,abtbe | beted einAP
bc ac ab
ab+ca ab+bc bc+ca . .
= , , are in A.P. (Subtracting 1 from each term)
bc ac a
b+ + +
= al c)’b(a c)’c(b 9) are in A.P.
bc ac a
b+c— +a—-b a+b- 111
Ex. 16. If ca s e s - < are in A.P., prove that —, —,— are also in A.P.
a b c a b c
b+c—a c+a-b a+b-c )
Sol. , , are in A.P.
a b c
b+c— +a—-b +b—
= ccay 2, ¢ Z +2, a ‘2 are in A.P. (Adding 2 to each term of A.P.)
a ¢
b+c+a c+a+b a+b+c )
= R R are in A.P.
a b c
111 . L
= —, e are in A.P. (Dividing each term by @ + b + ¢)
a c

1 1 1
Ex. 17. If a, b, c are in A.P., show that are in A.P.
’ b+’ Ne+a Na+b

Sol. Givena, b, care inA.P. =2b=a +c¢
1 1

1
Now , , are in A.P,, if
Vb +e Ve +Ja Na++b

1 I 1 I
Je+va Voo Ja+b Je+a

2 1,1 N 2 _Na+Jb+b+e
Je+da b+e Na+b Je+a (b ++e)(Wa++/b)
2 (Vb ++e)a ++b) = (e +a) Na+2b +c)
2 (Nab +b++ac ++/bc) = (Jac + 24/be + ¢+ a + 2\ba +~Jac)

2\53+2b+2ﬂ5+2JE;:ZﬁE+2ﬂ;+c+a+2ﬂE

2b=a + ¢, which is true as a, b, ¢ are in A.P.
1 1 1

Vb +e Ne+a' Na+~/b

Ex. 18. What is the sum of all two-digit numbers which leave remainder 5 when they are divided by 7?

U

b v v U

are in A.P.

Sol. The two digit natural numbers which leave a remainder 5, when divided by 7 are 12, 19, 26 ...., 89, 96.

oo 12,19, 26, ..., 89, 96 is an A.P. whose first term @ = 12 and common difference d = 7.
Let the last or nth term be 7.

Then, T, = a + (n — 1) d, where n is the number of terms in A.P.

= 9%6=12+n-1)7

(NDA/NA 2010)
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= 84=(n-1)T=n-1=12=n=13

Required Sum = % (a+1)= %(12+96) = 5 x108=13x54=702.

Ex. 19. What is the sum of the series 12— 22+ 32— 42 +

Sol. 12-22+32_42+52_62+ ... +992 - 1002

=(1-2)(1+2)+B-4) 3 +4)+(5-6)(5+6)+ ... + (99 — 100) (99 + 100)

= (142~ (B+4)—(5+6).....— (99 + 100)
= (1+2+3+4+5+6+.... +99+100)—(

=—50 x 101 =-5050.

+992 1002 (Orissa JEE 2006)
100
> 1+ 100)] (8, = g (first term + last term))

Ex. 20. If the first, second and last terms of an arithmetic series are a, b and c respectively, then what is the

number of terms?

First term=a

Sol. } = common difference (d) =b — a

Second term = b

Last term = ¢
Let the number of terms be n. Then,

(MPPET 2009)

c=at+(n-1)xd = c=a+mn-1)xb-a)=>c—-a=mn-1)(b-a)

+1

_c—atb-a

_ct+b-2a

= n-1)=

c—a c—a
=
bh—

n:b—a b—a

b—a

Ex. 21. After inserting x A.M's. between 2 and 38, the sum of the resulting progression is 200. What is the

value of x?

(AMU 2001)

Sol. After inserting x A.M's between 2 and 38, we get an A.P. of (x + 2) terms with first term as 2 and last term

as 38.

n
Now, sum of n terms of an A.P. = 5 (a + 1), where a = first term, / = last term

(x+2)
Here, 200 =

= 20x + 40 =200

(2+38) =200=20 (x +2)

= 20x=160=x=8.

PRACTICE SHEET

1. Find the 26th term of the A.P: 10, 6,2, -2, — 6, 10, ..... ?
(a) 86 (b) 96 (c) -90 (d) -106

31 1
2. The 2nd, 31st and last term of an A.P. are 72, 5 and — 65

respectively. The number of terms of the A.P. is
(a) 48 (b) 60 (c) 52 (d) 59

3. If p times the pth term of an A.P. is ¢ times the gth term,
then what is (p + g)th term equal to?

(@p+tqg  (b)pg (1 (d)0
(NDA/NA2010)

4. The 59th term of an A.P. is 449 and the 449th term is 59.
Which term is equal to 0?

(@) 501st term (b) 502nd term
() 508th term (d) 509th term
(NDA/NA2010)

5. Let 7, be the rth term of an A.P. whose first term is a and
common difference is d. If for some positive integers m and

1 1
n, T = — and T,= —, then (a — d) equals
n m
1 1
d —+-
m n
(AIEEE 2004, UPSEE 2007)
6. If a, b, c be in Arithmetic Progression, then the value of
(@a+2b—c)2b+c—a)(a+2b+c)is

(@) 3abc (b) 4abc (c) 8abc

(a) l/mn b)) 1 ()0

(d) 16abc
(WBJEE 2008)
1 .1 1

7. Find the sum of 24 terms of the series 25, 35, 46, 5 . ?
(a) 200 (b) 185 (c) 290 (d) 250

8. If the sum of the 12th and 22nd terms of an A.P. is 100, then
the sum of the first 33 terms of the A.P. is
(a) 1650 (b) 2340 (c) 3300 (d) 3400

(Kerala PET 2008)
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9.

10.

11.

12.

13.

14.

15.

16.

17.

If S, =a,+a,+ag+ .. +upto 100 terms and S, = a, + a,
+as+...+upto 100 terms of a certain A.P., then its common
difference is

@3§,-S,
Sl _SZ

(© =52

(b) S, 5,

(d) None of these

(AMU 2010)
The sum of #n terms of an A.P. is 2n + 3n2. Which term of
this A.P. is equal to 299?
(a) 11th (b) 50th (¢) 35th (d) 29th

If Sn denotes the sum of first n terms of an A.P.
2

S m a
a,+a,+a;+ .., suchthat —*==—- then —* =?

n n ay

(@m-1:n-1 bym-n:m+n

(c)2m—1:2n-1 dm+1:n+1
(J&K CET 2013)

If the sum of the first ten terms of an A.P. is 4 times the sum
of the first five terms, then the ratio of the first term to the
common difference is:
(a)1:2 b)2:1

©1:4 (d4:1

(NDA/NA 2003)
What is the sum of numbers lying between 107 and 253,
which are divisible by 5?
(a) 5250 (b) 5210 (c) 5220 (d) 5000
The ratio between the sum of n terms of two A.P.'s is
(7n+ 1) : (4n + 27). The ratio of their 11th terms is
(a) 125 :106 (b) 148 : 111 (c) 131:89 (d) 127 :108
LetS, denote the sum of first n terms of an A.P. If S, =38,

.Sy,
then the ratio —— 1is equal to
n

(a) 4 (b) 6 (38 (d) 10

(MAT 2002, Rajasthan PET 2006)
If the sum of 2n terms of the A.P. 2, 5, 8, 11,... is equal to
the sum of n terms of A.P. 57, 59, 61, 63, ..., then n is equal
to
(a) 10 (b) 11 (c) 12 (d) 13
(IIT 2001)

If S, S,, S, denote respectively the sum of first n,, n, and
n, terms of an A.P., then

S S S

Ly —n3) + =2 (ny —my) + = (n; — ny) is equal to

m n 13

(@) 0 (b) n, +n,+n,

(©) ny nyn, S, S,S,  (DCE 2007)

18.

19.

20.

21.

22.

23.

24.

25.

If S, =nP+ % (n—1)Q, where S, denotes the sum of first

n terms of an A.P., then the common difference of the A.P.
is

(a) O GyP+Q ()P +20 (d)2P+30
(DCE 2001)
n arithmetic means are inserted between 3 and 17. If the
ratio of the last and the first arithmetic meanis 3 : 1, then n
is equal to
(@)5 (b)6 (7 (d)9
(DEC 2008)
If a,, ay, a, ..., a, are in A.P. and a, = 0, then the value

a;  ay a, 1 1 1 )
of | —+—+..+ —ay | —+—+..+ is
@ @ 4y @G 4 a2

equal to

(al)n-kl (b)n-i—L
n n—1

1 1
n-D) (d) (n—2)+(n_2)
(Kerala PET 2011)
Leta,, a,, ay, a,be in AP. If a; + a, = 10 and a,a, = 24,
then the least term of them is
(a) 1 (b)2

(c) (n=1+

()3 (d) 4

(Kerala PET 2013)
An A P. has a property that the sum of first ten terms is half
the sum of next ten terms. If the second term is 13, then the
common difference is

(a)3 (b)2 (©)5 (d) 4

(Kerala PET 2013)

3
The sides of a triangle are in A.P. and its area is gth the

area of an equilateral triangle of same perimeter. The sides

of the triangle are in the ratio.
@1:2:7(1)2:3:5 ()1:6:7 (d)3:5:7
Iflog,2, log, (2*—5) and log, (2* —7/2) are in A.P., the value
of xis
(@) 0 (c)2 (d)3

(IT 1990)
If a,, a,, a;, ..., a, are in A.P with common difference
d # 0, then the value of sin d (cosec a, cosec a, + cosec a,
cosec a, + ... +cosec a, | cosec a,) will be
(a) seca,—seca, (b)tana,—tana,
(c) cosec a, —cosec a,, (d) cota,—cota,

(Rajasthan PET 2000)

1
®) 5

1. (¢) 2. (d) 3. (d) 4. (c) 5. (c)
1. 12. @  13.(c) 14. (b) 15. (b)
20. () 22. () 23.(d) 24. (d) 25. (d)

6. (d)
16. (b)

7. (¢)
17. (@)

8. (a)
18. (a)

9. (d)
19. (b)

10. (b)
20. (d)
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HINTS AND SOLUTIONS

LT, =at(n-1d = T,
Here a=10,d=—-4
5o Ty =10+25 x(—4) =10 - 100 = - 90.
2. Let the first term, common difference and number of terms
of the A.P. be a, d and n respectively. Then,
3

=a+25d

at+d= 72 ..(0)
+30d = L i
a =3 ...(ii)
1
and a+m—1)d= —65 ...(iii)
Eqn (if) — Eqn (i)
1 1 2
= 29d = — - 31 =- 2
2 4 4
1
= d=——
4

1
Putting d= ~ in (i), we get

a-1=73 o 4-73,1
4 4 4 4
= a=28

*. Putting the values of a and d in (iii), we have

§+(n—1) [~ |=-2
" 4 2
1 1 13
= 8+———n = -——
4 4 2
1 13 33
= ——n =-——-—
2 4
1 59
= ——n =—-—
4 4
= n=159.

3. Given, p(a+ (p—1)d)=q (a + (g — 1)d), where a and d are
the first term and common difference of the A.P.

= P-q@a=(G*—q-p*+p¥d

= -(g-pa=@-p)(g+p-1d
= —a=((g+p)—d
=a+((p+tq)-1)d=0

= t,.y=0.

4. Let a and d be the first term and common difference of the
given A.P.

Then, a+58d=449 (D)
a+448 d =59 (7))

Solving eqns (7) and (ii) simultaneously, we get

a=507,d=-1

Now assume that the nth term is zero.

O0=a+(m-1d

= 0=507+m-1)(=1)

= 507=n-1

= n =508.

1 1
5. Given, T, =— = a+ (m-1)d=— ..(0)
n n
1 1 .
r=— = a+(n—1)d=— ...(ii)
m m
.. . 11
Eq. (if) — Eq. () =>mn-myd=—-——
m n
- 1
= (n—m)d = n—m-o L og-
mn mn

1 1
Puttingd = — in (i), we geta = —
mn mn

11
a-d=——— =0.
mn mn

6.a,b,care nAP.=>2b=a+c
(a+2b—c)2b+c—a)(a+2b+c)
=(ata+tc—c)(atc+c—a)(2b+2b)
=2a-2c-4b=16abc.
10 5 20—15_5
6 6

S, = %[m +(24-1)2 }

7. Herea— ,d=

[ S, :§[2a +(n-1) d]}

23x5

=12{5+ }=2[30+115]=2x145=29o.

8. Let the first term of the A.P. be a and let the common
difference be d.

Then, 1), %1, =100 = (a+ 11d) + (a +21d) = 100
= 2a+32d=100 ..(0)
Now sum of first 33 terms of the A.P

- ﬁ (2a +32d) (S :%(2a+(nl)dj

33
= > x100 (From (7))
=1650.
9. Given that,
S, =ayta,tagt ... + upto 100 terms ...(0)
S,=ataytagt ... + upto 100 terms ...(>i0)

Let d be the common difference of the given A.P. Then,
d=a,—a,=a;-a,=a,—ay= ...(iii)
Subtracting eqn (if) from eqn (i), we have
S, —8,=(a,~a,) +(a,—ay)+(a,—ag) +.... +upto 100 terms
=d+d+d+...
=100d
5 -5,
o100

+ upto 100 terms

= d
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10. S,=3n"+2n 2a+(n-1)d _ Tn+] ‘
S, =3m=1P+2(m-1) - 24+(n-1)D  4n+27 -0
=352 _ 9 =72,2_
3n"—6n+3+2n-2=3n"—-4n+1 4, a+10d  2a+20d
T =S5-8 Now, we have to find the ratio — = =
n n n—1 Til A+10D 2A4+20D
=@Bn?+2n) -G —4n+1)=6n-1. Putti 2in () .
, _ utting 7 =21 in (i), we ge
Gwen’6 Tf—izz 2a+20d  Tx21+1 14741148
= T 24A+20D 4x21+27 84+27 111
= 6n =300 = n=50.
E (20 4 (-] t,: T, =148 : 111,
m/2[2a, + (m—
11. L= ! = 15. Let a be the first term and d the common difference of the

12.

13.

14.

S n/2[2a; + (n—1)d] a2

(d > common difference of A.P.)
= n[2a, +(m—-1)d] =m[2a,+(n—1)d]
= 2a,(n—m) =d(n-m) = d=2a,
a+(m-1)d
a, ~ nthterm a+m-1)d

n

a, _ mth term

a+(m-1)-2a; —a +2am
a +(m-1) - 2q - —a, +2an
a4 2m-1) 2m-1
Caq@n-1) 2n-1°
Let a and d be the first term and common difference
respectively of the A.P.

10
S0 = [2a+9d]

5
S5 = 3 [2a+4d)

Given, S, =4S,
5
= 5(2a +9d) = 4x - 24+ 4d]
= 10a +45d =20a + 40d
= 5d =10a
5 1
= L2 o 4id=1:2.
d 1 2

The numbers between 107 and 253 divisible by 5 are
110, 115, 120, .......... , 245, 250.

This is an A.P with first term (a) = 110 and common
difference (d) = 5. Let the last term be the nth term.

o T =a+(n—-1)

= 110+(n—-1)x5=250

= Sn=250-105=145
= n=29.

29
Required sum = % (@ +1,)=" (110+250)

= 2—29><360 =5220.
Let the two AP’sbea,a+d,a+2d, ... and 4, A + D,
A+2D, ...
n/2[2a+n-1)d]  Tn+l
n/2[24+ (n—1) D] 4n + 27

Given,

16.

given A.P.
Then, Sn=§ Ra+(n—1)d]

2n
S, = EX [2a+Q2n-1)d]

3
S, = 7” [2a+ (31— 1) d]
Given, S,, =38,

2 3
= %[2a+(2n71)d]=7n[2a+(n71)d]
= 4a+4nd—-2d=6a+3nd-3d

= d+nd=2a
d(n+1) ,
= a= —2 (l)
3n
- 5, g l2atGn-bd
Sn g[2a+(n—1)d]
_ At d + Grod)

[(m+Dd +(n-1)d]
3nd +3d +9nd —3d
nd+d+nd—d
_ 12"d=6.
2nd

For the IstA.P.,2,5,8, 11, ...... ,
First term (@) = 2, common difference (d,) = 3
*. The sum of this A.P. to 2n terms
2
= 7” [24, + (20— 1)d,]

=n[4+ (2n—1)3]
=4n+o6n*-3n=6n*+n=n6n+1)
For the second A.P., 57, 59, 61, 63, ....... ,
First term (b,) = 57, common difference (d,) = 2
The sum of this A.P. to n term is

Sumn=g [2b, +(n—1) d,]
n
=2 4+ @-1)2]

=5Tn+n*—n=n*+56n=n(n+56)
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Given, S,, = Sum,
= n(6n + 1) =n(n + 56)
= bn+1=n+56 = 5n=55 = n=11.

17. Let the first term of the given A.P. be @ and the common
difference be d.

Then, S, = % [2a+ (n, - 1) d]
_m
S,= 3 [2a+ (=~ 1)d]
_n
S3—7 [2a+ (ny—1)d]

S S S
—1(”2 _”3)"‘—2(”3 _”1)"‘—3(”1 —ny)

m n N3
n n
=2 [a+(n, - 1)d] (n,—n) + 2 [2a+(n,— 1)d]
m )
ny
(my=m)+ 2= [2a+ (ny = d)] (n, =)
3
|
= > [2a (ny—ny) +n, (ny—ny) —d (n,—ny)]

1

+ 5 [2a (ny—n) +ny (ny—n) —d (ny—n))]
1

+ > [2a(n, —n,) + ny (n, —ny)) —d (n, —n,)]

1
= Py [2an, —2an, + 2an, —2an, + 2an, - 2an,) + (nn,

=y Ny gy = gy gy = ngi,)
—d(ny—ny +ny—n, +n,—n,y]
=0.
18. nth term of an A.P. is given by

T, = Sum of n terms — Sum of (n — 1) terms
=Sn_Sn—l

(n=1
2

=nP+§(n—1)Q—[(n—l)P+ (n—Z)Q}

=nP—nP+P+% [n*—n—n>+3n-2]
:P+% 2n-2)
=P+(n-1)0.
". Common difference (d) =T, T, ,
=P+(n-1)Q—-(P+(n-2)Q)
=Q.

19. Leta,, a,, as, ..... , a, be the n arithmetic means between 3
and 17. Then,

3,a,a,a, ... ,a,, 17 form an A.P.

Let d be the common difference of this A.P. Then,

a=3+d and a,=17-d
. a, 3 17-d 3
Given, — == = ==
a 1 3+d 1
= 17-d=9+3d
= 4d=8 = d=2.

Also 17 is the (n + 2)th term of the given A.P.
N 17=3+n+2-1)2
= 17=3+mn+1)2

= l4=n+12 = n+l1=7 = n=6.
20. Given, a, a,, a, ..... ,a,areinA.Panda, =0.

Let d be the common difference of the the A.P. So,
a,=a, +d=d

ay=a,+2d=2d,a,=3d,a;=4d, ... ,a,=(n—1)d

a a a 1 1 1
S A gy | —+—+ .t
a 3 a1 a4 a2

_{EJFEJ__JFM}

d  2d (n-2)d

+
2 3
1 1
_{(l+1)+(1+5)+....[1+n_zj}
{ 11 1}
— =+t +
2 3 n-3

=1+1+1..to(m—2)term
1 1 1 1
—[1+=+=+.. +
2 3 n-3) (n-2)

1 1 1
—1+=+=+...+
2 3 n-=3

:(n—2)+(n_2).

21.Leta,=a-3d,a,=a—-d,a;=a+d,a,=a+3d

Given, a+a,=10 = a-3d+a+3d=10
= 2a=10 = a=5

Also, a,a;,=24 = (a—d)(a+d)=24

= a*—d*=24

= 25-d?’=24 = d’=1 = d=1

The leasttermisa —3d=5-3=2.
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1
22. Sum of first 10 terms = 3 (Sum of next 10 terms)

1
= Sio = 5 (S5=S1) = 38,,=5y
20
—I

= 3x§[2a+9d]= S [2a+19d]

[ S, = g [2a+ (n — 1)d]}

= 3(2a+9d) =2Q2a + 19d)

= 6a+27d=4a+38d

= 2a =11d

= 2(13+d)=11d ("~ Secondterm =13 and 13 —a =d)
= 26-2d=11d

=

13d =26 = d=2.
23. Let the sides of the triangle be a — d, a, a + d.

Perimeter of the triangle=a—-d +a+a+d=3a
. . . 3a
Each side of the equilateral triangle = 3 =a

3
Area of equilateral triangle = Taz .

Area of the given A = \/s(s—(a—d) (s—a)(s—(a+d))

a
where § =—
2

T

2
3 4_§a2d2 =[3\/§a2)

= ~a
16 4 20
3 4 3 2.2 27 4

= —a ——a’d” = —a
16 4 400

N 3 4 27 . zazdz

_a —_——
16 400 4

S PSP
16 400 4

254 -94° 1

= —d*
= 400 4
16a> 1 ,
- 16a” _ 1
400 4
2
a 400 a 20
—_—=— = —=—=k
= 2 o4 4" g K

(a—d):a:(a+d)=20k—8k):20k: (20k + 8k)
=12k :20k:28k=3:5:"7.

7
24. log,2, log, (2* - 5) and log, (2X - E) are in A.P.
= 2log, (2*-5) =log; 2 +log, (2"~ 7/2)
(v a,b,cinAP = 2b=a+c)

= log, (2*—5)* =log;[2(2* - 7/2)]
(* alog b=1log b“ and log a + log b = log ab)

= Qv -5 =217
Let 2% =y. Then,
y-572=2y-7
= PP 10y+25=2y-7
= y2—12y+32:0
= (-8)@r-4=0
= y=8or4 = 2"=8 or 2*=4
2?=8 = x=3
(- 2% = 4 shall make the term log,(2* - 5)
negative which is not possible)
25. d=ay,~a,=a;~a,=a,~a,=...=a,—a, |.

Now, sin d (cosec a, cosec a, + cosec a, cosec a, + .....
+cosec a, , coseca,)

sin d sin d sin d
+ Fot

sin @, sina, sin a, sin a, sina,_, sina,

sin (a, —a sin (a; —a
(a, 1)+ (a5 2)+

sin g; sina, sin a, sin ay

N sin (a, —a,_,)

sin a, _, sin a,,

sin a, cos a; — cos a, sin a;

sin g, sin a,

sin a, cos a, — CoS a, sin a
" 3 2 3 2

sin a, sin a,

. sin a,, cos a,_; —cos a, sin a, _,

sina,_, sina,

cosa cosa, Cosda, COSda
1_ 2 L 2 _ 34

sing; sina, sina, sina
cos a, _;
+— -
sina,_,

cos a,

sin a,,
=cota, —cota,.
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GEOMETRIC PROGRESSION (G.P.)
(KEY FACTS )

1. A Geometric Progression (G.P) is one in which the ratio of any term to its predecessor is always the same number.
This ratio is called the common ratio. Thus, a sequence, a,, a,, ....., a, is said to be in G.P,,

. a a a a
lf _2:—3:—4:: n =r
a a, a, a

n—1
where a,, a,, a; ..... are all non-zero terms of the G.P. and r is the common ratio.
Examples of G.P.

Progression Common ratio
) 1,3,9,27,81, ... r=3
(ii) 16/27,—8/9,4/3,~2 ... r=_3p
(iii) x, x% x3, x4 .. F=x

| If a denotes the first term of a G.P. and r, the common ratio, then a standard G.P. is a, ar, ar?, ..... . |
2. The nth term of a G.P.
For a standard G.P with first term = @, common ratio = r and number of terms = n, we know that:

First term Second term Third term Fourth term
t,=a t,=ar t,=ar’ t,=ar’ and so on.
So, nthterm=¢ =ar"-1.
Ex. The sixth of the G.P. -3, 6,12, 24, ..... 1s:
Here a=—3,r=—3=—2
te=arS" 1=-3x(=2)
=-3x-32=096.

3. Geometric Mean: When three real numbers form a geometric progression, then the middle one is called the
geometric mean of the other two quantities.

Thus, if G is the geometric mean of two non-zero numbers @ and b, then a, G, b forms a geometric progression,

G b
so that —=—
a

G'=ab = G==x+ab |

Maths Alert. G = vab if a and b are positive numbers.

G = —+ab if a and b are negative numbers.

Also, if there are n positive integers a,, a,, .... , a,, then their geometric mean is defined to be equal to
(a,- ay. aye eon . @)™,
Ex. (i) GM. of 4 and 36 = /4x36 =+/144 =12.

1/7
1 1
(ii) G.M. of 3 1,3,9,27,81 and 243 = (§x1><3><9><27><81><243

— (32 X 33 X 34 X 35)1/7 — (314)1/7 — 32 =9,
4. Sum of n terms of a Geometric Progression:

Consider the geometric progression a, ar, ar?, .... ar"~ ! of n terms.

1— " "1
Then, the sum of n terms S =a—r)(r¢1) or M(r;tl)
" 1-r (r-1)



SEQUENCE AND SERIES Ch 1-15

where, a = first term, » = common ratio, » = number of terms

-1 Ir —
Also, Sn 4T or r-a , where [ is the last term.
1-r r—1

1 1
Ex. The sumofthe GP.4+2+ 1+ E+Z+ .... to 10 term is:

1
Here a=4,r=5,n=10
10
41— 1 4 l——1
S 2 1024 8x1023 8 ( )
= = = = approx.
T T 1024 bp
2 2

5. Sum of an infinite G.P.

a
S = 1—, where «a = first term
-r 7 = common ratio.

Note: Sum of an infinite series exists only when 7 is numerically less than 1, i.e., | 7| < 1. |

Ex. Sum ofthe G.P. 16, -8, 4, ..... to infinity is:

1
Here a=16,r=—£=——
16 2
a 16 16 16 32
LA T (R [
=2 2 2

6. Properties of a G.P.
(a) If each term of a given geometric progression is multiplied or divided by the same number, then the
resulting progression is also a G.P.
If a,a, aya, ... be a G.P. with common ratio r, then
G 4 a5 4y

A,Cy AnCy ACy AYCy ane... and —, ,
16 drCs dsCs dy el el e

, ....are also G.P.s with common ratio r. ¢ is the constant number.

(b) The reciprocals of the terms of a G.P. also form a G.P.

. ) 1 1 1 1 . .
If a,a,,ay,ay ... be a G.P. with common ratio r, then —, —,—,—, ..... 1s also a G.P. with common
a a, a, a,
1
ratio —.
r

(c) If each term of a G.P. be raised to the same power, then the resulting progression is also a G.P.

. . k k k k . .
If a,a,, ay,a ... be a G.P. with common ratio r, then 4, a,,a;,a,, ..... is also a G.P. with common
ratio .
@ Ifa, ay,ay, ay ... and b, b,, by, b,, .... be two G.P.s with common ratio », and r, respectively, then the
. . ) . a a, a; a . .
progressions a.,b.,, a,b,, a;b,, .... is a G.P. with common ratio r,7,, and —,—=,—=,—, ... is a G.P. with
171 272 7373 1"2 b b b. b
1 2 3 4
. h
common ratio —.
b
(e) Ifa,, a,, ay, .......... be a G.P. with common ratio 7, such that each term of the progression is a positive number,

then log a,, log a,, log a;, .... is an A.P. with common difference log r.

Conversely, if log a,, log a,, log a;, ..... are terms of an A.P,, then a,, a,, a;, .... are terms of'a G.P.
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(f) The Arithmetic mean between two positive numbers is always greater than equal to their Geometric Mean.
AM. >2G.M.

(g) If A and G be the arithmetic and geometric mean respectively between two numbers, then the numbers are
Ax\4 -G".
7. Useful note: When product is known, suppose the numbers in G.P. as under:

(7) If the odd number of terms are to be considered, suppose them as follows by taking a as the mid-term and
common ratio 7.

a a a 2

—, a,ar; — —» @, ar, ar
r roor a

(if) If even number of terms are to be considered, suppose them as under by taking —, ar as the two mid-terms
r

and 72 as the common ratio.

a a

—> —» ar, ar’ [4 terms]

P

a a a

—» 35 s ar, ar’, ar’  [6 terms]
PR

[See Solved Ex. (7)]

SOLVED EXAMPLES

Ex. 1. Write the G.P. whose 4th term is 54 and 7th term is 1458.
Sol. 1, =ar' =54
= ar® = 1458
Dividing (if) by (i), we get
t 54
= r=3
From (i), a.(3)’ =54
= 27a =54
= a=2

The G.P.is 2,2 x 3,2 x 32, ..... ,i.e.2,6,18,54, ...

(D)
...(ii)

27

Ex. 2. If the 10th term of a G.P. is 9 and the 4th term is 4, then what is its 7th term?
Sol. Let the first term and common ratio of the given G.P. be a and r respectively.
T\,=ar’=9
T,= ar’ =4

T, ar’ 9

...(ii)

3
T, ar

|

9 9 3
},.6 = Z :} (]/'3)2 :Z :} r3 :5 (lll)
From (i),a’ =9 = a(*)’=9
Substituting the value of 7 from (iii), we get

(3)3 9x8 8
al—| =9 => a=——=—.
2 27 3

8. 9
T =ar®= —x— =6.
3 4
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Ex. 3.

Sol.

Ex. 4.

Sol.

Ex. 5.

Sol.

Ex. 6.

Sol.

Ex. 7.

Sol.

What is the sum of 10 terms of the series v2 +/6 + /18 + .....? (DCE)
_a((r"-1)
" (r=1)

6
Here a=\/§,r=£=\/§,n=10
2

: :ﬁ((ﬁ)w—l):\/5(35—1)XJ§+1:ﬁ(243—1)(ﬁ+1)
10 J3-1 V-1 B+l (3-1
_ ﬁ(w;(‘ﬁ“) — 121 (6 +2).

1 1 1
What is the sum to infinity of the series 1— 3 aF 13 P cooom ? (NDA/NA 2012)
. . P . 1 1
Given series is an infinite G.P. witha =1, r= > I=- >
—
1-r
1 1

If a, b, c are the three consecutive terms of an A.P. and x, y, 7 are three consecutive terms of a G.P., then
prove that x?—¢, yc-4, z#-b=1,

a,b,care nAP. = 2b=a+c¢ (D)
x,y,zarein GP. = y=xr, z=xr?, where r is the common ratio

xb—c.yc—a. Za—b :xb—c' (x},.)c—a' (x},Z)u—b

:xbfc‘xcfa. pc—a xafb‘ r2a72b:xb—c+cfa+a7b. L—a +2a-2b

=x0, peta=2b=x0,32b-2b=40,;0 =1 (From (7))
Let two numbers have arithmetic mean 9 and geometric mean 4. Then find the equation which has these
two numbers as its roots. (AIEEE 2004)
Let the two numbers be @ and b.

a+b

Then =9 = a+b=18

Jab =4 = ab=16
Required eqn is x> — Sum of roots x + Product of roots = 0
= x> 18x+16=0.
Insert 3 geometric means between 16 and 256.

Let G,, G,, G, be the required means.
Then 16, G,, G,, G, 256 form a G.P.

Let » be the common ratio.

= 256 = 5thterm = ar* =16 x #*
= 16/ =256 = =16 = r=2
G, =ar=16%x2=32

1
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G, =ar*=16 x 4= 64
G, =ar’=16x8=128
Hence 32, 64 and 128 are the required G.M’s between 16 and 256.

Ex. 8. If one AM ‘A’ and two GM p and ¢ are inserted between two given numbers, then find the value of

P4
—+ — interms of A? (VITEEE 2011)
q9 P
Sol. Let a and b be the two given numbers.
+b +b
Then, AM. =2 = A=“2 24=a+b (i)
As, p and ¢ are G.M’s between a and b, a, p, g, b forms a G.P.
b 2 2
P42 o5 P —yond L=
a P 9 q p
P
Now, —+-— =a+b=2A.
q Pp
. . 2 8 26 80
Ex. 9. What is the sum of the series 3 A 9 + 27 + 81 I to n terms? (KCET 2001)
.2 26 80 )
Sol. The series —+—+ E + E +..... to n terms can be written as

1—l + 1—l + 1—L + 1—L + ... to n terms
3 9 27 81

1 1 1
(1+1+1+1+...tonterms)— (—+—+—+

—+..... to n terms
3 9 27 81

11_{11"
=n—3 3 Snza(l—r ),herea—l,rzl
1_1 I-r 3 3
3
;[1‘31] 1
=n- =n——1-3").
Y R A

Ex. 10. If 1 + sin x + sin2 x + sin3 X + ..... o =4 + 24/3 , 0 <x <m, then find the value of x.  (Kerala PET 2004)

Sol. Given, 1 + sinx + sin?x + sin3x + ... o =4 + 2/3

1 oS, = a . Herea=1,r=sinx
= — =4+ 23 1-r
1—sin x Also|sin x| <1as|sin x| =1 will make
1 the the sum of infinte G.P. infinite)

= ] —sinx =
4423

1 4+2J3-1 3423 _4-23

= sinx =1- = = X
g 4423 4+23  4+2 3 4-23
C12+83-6J3-12_2J3 3
16-12 4 2
T 21
= x=— or — as 0<x<m.
3 3
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Ex. 11.

Sol.

Ex. 12.
Sol.

Ex. 13.

Sol.

Ex. 14.

Sol.

If a, b, c are in G.P. and 4a, 5b, 4c¢ are in A.P. such that a + b + ¢ =70, then what is the value of the smallest
of the numbers a, b and c?

a,b,careinGP. = b*>=ac (i)

4a,5b,4careinAP. = 2x5b=4a+4c = 10b=4a+4c=5hb=2a+2c ..(i0)

Also, given a+b+c¢=70 ...(iii)

= 2a+2b+2c=140 = 5b+2b=140 (From (i))
= 7b=140 = bH=20.

Now, from (7), 400 = ac. ("~ b=20)

Also, from (if),a+20+c¢=70 = a+c=50
: (a—c)?=(a+c)P—4ac
=2500 — 1600 =900
= a—-c==%30
v a+c=50
a—-c=%30

The least value out of a, b and c 1s 10.

} = a=40,c=10 or a=10,c=40.

Find the sum of n terms of the series 1 + (1 +x) + (1 +x +x?) +.....2 (AMU 2003)
I+ +x)+(1+x+x3)+ ... n terms
1
=  Required sum = ﬁ [(1-x)+(1-x)1+x)+ (1 —-x)(1 +x+x*)+....nterms]
—x
1
=—— [(1-x)+ (1 =x>)+(1-x3+...nterms]
(1-x)
1
=a——3K1+1+1+"”nwmmy—u+xlhﬁ+ ..... n terms]
-Xx
= ! n_x(l—x) SnzL_r),Here a=x,r=x
(1-x) (1-x) (1-7r)
 n(l-x)-x(1-x")
(1-x)’ '

Five numbers are in A.P. with common difference = 0. If 1st, 3rd and 4th terms are in G.P., then which
term is always zero? (WBJEE 2013)
Let the five numbers inA.P.bea—2d,a—d,a,a+d, a+2d.
Since 1st, 3rd and 4th terms are in G.P.

(LY =t .1,

at+2d=0 = ;=0
Sth term is always zero.

= a* =(a—2d) (a+d)

= a*> =a*—ad-2d?

= —ad =2d?

= a=-2d (- d#0)
—

Find the sum to #» terms of the series, 7 + 77 + 777 + ...... .

S, =T+TT+7TTT+ ... to n terms
=7[1+11+111+..... to n terms]

7
= 5 [9+99+999 + ..... to n terms]
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7
= Y [(10-1)+(100-1)+ (1000 —1) + ..... to n terms]
7
=5 [{10+ 10>+ 103+ ....tonterms} — {1 + 1+ 1+ ... to n terms}]
7 10(10"—1)_n B 7(10””—10)_1n
9 10-1 81 9"
Ex. 15. What is the sum of n terms of the series 0.2 + 0.22 + 0.222 + ...... ? (WBJEE 2009)

Sol. 0.2+0.22+0.222+ ..... to n terms
=2[0.1+0.11+0.111 + ..... to n terms]

2
= 9 [0.94+0.99 +0.999 + ..... to n terms]
2
= iy [(1-0.1)+(1-0.01)+(1+0.001) +..... to n terms]
2
= 9 (1+1+1+...tonterms)— (0.1 +0.01 +0.001 + ..... to n terms)]
L
2 0.1(1-(0.)" | 2 10 10" 2 1 1
=—|\n—"|==|n-— =—|ln-——|1- .
9 1-0.1 9 l—i 9 9 10"

10
Ex. 16. Find the value of 0.234 regarding it as a geometric series.

Sol. 0234 =02343434 .......
=0.2+0.034 + 0.00034 + 0.0000034 + ...... +
2 34 34 34

== + + +
10 1000 100000 10000000

2 34 1 1
:—+—3 1+—2+—4+ ..... oo
10 10 10© 10

:£+3_4§>< ! S, = 9 Here a=1,r=L
1010 !

1
10
_2 iX@:198+34 2232 _ 116.
10 1000 99 990 990 495
Ex. 17. Six positive numbers are in G.P. such that their product is 1000. If the fourth term is 1, then find the
last term. (WBJEE 2013)
a da

57 37
rr

. ) a
Sol. Let the six numbers in G.P. be —,ar, ar3, ar’.
r

Then, Product =1000

= %x%xgxarxar3xar5 = 1000
rooror
= @ =1000 = a=+/10

Given, Fourthterm=¢,=ar=1
= 10xr=1 = r=

1
J10

1Y 1
Last term = ar’ =10 X| — | =——.
ast term ( ,—le 100
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Ex. 18. Ifa, b, c, d are in G.P., prove that (a> + b*> + ¢?), (ab + bc + cd), (b* + 2 + d*) are in G.P.

Sol. a,b,c,darein G.P = b=ar, c=ar,d=ar’, where r = common ratio

: (ab+ bc +cdy? = (a.ar+ar . ar* + ar* . ar’)? = [a*r (1 + 2 + H]?
(@ + b2+ 2 (b? + 2 +d?) = (a® + a®r* + a®r?) (@ + a*r* + a*r®)

(D)

=2 (1+r2+mM) . a?? (1 +r2+rH)=a*? (1 +r2+r?

=[a*r (1 +r* +r%]?> = (ab + bc + cd)?

(@ + b> + ¢?), (ab + be + cd), (b* + ¢* + d?) are in G.P.

(From (7))

Ex. 19. Ifx,y, z are all positive and are the pth, gth and rth terms of a geometric progression respectively, then

find the value of the determinant [logy ¢q 1|.

Sol. Let a be the first term and R the common ratio of the G.P.

Then, Tp
T,

TI‘

log x

log y

log z

logx p 1
logy g 1
logz r 1

A-1
Ex.20. IfA=1+r+r2+pd3a+ . 0, B=1+rb+r2+ 3+ .. o, then showthat%=log (3_1)(—].

logx p 1
logz r 1
=agRP-l=x
=aR1"'=y
=qR" 1=z

=log (aR? " =loga+(p—1)log R
=log (aR?"")=loga+(q—1)logR
=log (aR"" ") =loga+ (r—1)logR
loga+(p—1)logR p 1

=|loga+(g—1logR ¢g 1
loga+(r—-DlogR r 1

(VITEEE 2009)

loga p 1 (p—DlogR p 1
=|loga q 1|+|(g—DlogR ¢
loga r 1 (r=T)logR r
1 p 1 (p=1 p 1
=logall g 1|+logR|(¢g-1) g 1
I r 1 (r-0n r 1
p p 1 p 1
=logax0+logR|g ¢q 1|-logR|l g 1
ror 1 r 1

=0+logRx0-logR*x0=0

Sol. A=1+ri+r+pPa+ oo
1
e =
1-7r°
1 1 A-1
= l-rt=— = ri=l-—=——
A A
lo —A_l
B g[ 4 )
= a =

S =

1 = log| —
= alogr g(A]

(. The value of a determinants with two
identical rows or columns is zero).

A

B

oo

1-r
A-1

.Here a =1, common ratio = »“ ]

()
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Now, B=1+rb+p? 43+ o
1 1 B-1 B-1
=3 B = - = 1-rP=—= = P=l-—=—— = logr’=log| —
1-r B B
B-1
= blogr=log| — | = b:J—jB ...(ii)
B log
A-1
a log A log r
— = X (From (7) and (i)
b log r (B -1 )
log| ——
o[ A1 B
R 0g| —— log (A— 1) [ loga log a}
- - N B-N\\ " =10g, 4.
log (Blj (T) A logb
B
Ex.21. §,,5,, S5, -...., S, are the sums of » infinite geometric progressions. The first term § of these progressions
11 1
are1,22-1,23-1,24-1,....., 2" — 1 and the common ratios are 2792758 »,——- Calculate the sum
S +8,+8+...+S,.
1 1
Sol. Since §, = ——, S = ——=—=2
* -r : 1_1 l
2 2
g _ 22-1 2°2-1__,
2 l_i 22 _1
27 92
g _ 2-1 2°-1_ 4
2} 73
S2"=1_2"=-1_,
n I_L 21’1 _1
2"’ 211
LS S, S S =2+ 2243 42
:MZZ(ZH—I) SHZM, Here a:2’r22 .
2-1 r—1

PRACTICE SHEET

3.1f 1, x, y, z, 16 are in G.P., then what is the value of
343.9 x+y+z?
. . 9

1. Which term of the G.P. 3, R R is 2187 1 @3 (b) 12 (0) 14 () 16

(a) 13 (b) 14 (c) 15 (d) 16 (NDA/NA 2008)

(Kerala 2004) 4. Th . £1.2 22 o

2.1f n!, 3 x (n!) and (n + 1)! are in G.P, then the value of n - The geometric mean of 1,2, 27, ......., 2%1s

will be (a) 2n/2 (b) n(n+ 1)/2 (C) 2(n— 1)/2 (d) 2n(n +1)/2

(a)3 (b) 4 (c) 8 (d) 10 (MPPET 2009)

(NDA/NA 2011)
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5.

6.

10.

11.

12.

13.

If the first term of a G.P. is 729 and its 7th term is 64, then

the sum of the first seven terms is

(a) 2187 (b) 2059 (c) 1458 (d) 2123
(Kerala 2013)

If the third term of a G.P. is 3, then the product of its first 5
terms 1s:
(a) 15
(c) 243

(b) 81
(d) Cannot be determined
(J & K CET 2009)

.InaG.P,t,+t,=216and ¢, : t,=1:4 and all the terms are

integers, then its first term is

(a) 16 (b) 14 (c) 12 (d) Noneofthese
(AMU 2010)
. The sum of the first n terms of the series
1 3 7 15 .
—t =+ — 4. is
2 4 8 16
(a)2"-n—-1 (b)y1-2rn
()yn+27"-1 (d)2"-1 (AMU 2003)

. In a geometric progression consisting of positive terms, each

term equals the sum of next two terms. Then, the common
ratio of the progression equals

5 5-1 5+1
WL w0 @
(AIEEE 2007)

If in an infinite G.P, the first term equal to twice the sum of
all the successive terms, then the common of this G.P. is

1 2

b — —
® @ 3
(Rajasthan 2002)

2
(©) 3

Consider an infinite geometric series with first term a and

1
(@) 3

. . . .3
common ratio 7. If its sum is 4 and the second term is g

then
(a)a=2,r=l (b)a=2,r=E
2 8
(c)ya=1,r= % (d) None of these
(AMU 2013)
If x, 2x + 2, 3x + 3, are the first three terms of a G.P, then
the fourth term is
=27 27 -33 33
(@ —~ (b) — ©— @
(NDA/NA 2009, Rajasthan PET 2005)
Six positive numbers are in G.P, such that their product is
1000. If the fourth term is 1, then the last term is
1 1
(a) 1000 (b) 100 (o) 100 (d) 1000
(WBJEE 2013)

14.

15.

16.

17.

18.

19.

20.

21.

If a is the A.M. of b and ¢ and the two geometric means are
G, and G, then G* + G,* is equal to

b 3
@) % (b) abe (©)2abe  (d) Jabe
(BCECE 2009, IIT 1997)

If a, b, ¢ are unequal numbers such that a, b, ¢ are in A.P.

andb—a,c—b,aarein G.P,thena:b:cis

(@)1:2:3 (b)1:2:4 (¢)1:3:4 (d)2:3:4
(AMU 2005)

What is the sum of the 100 terms of the series

9+99+999+...7

10 10
(@) 5 (101~ 1)=100 () (10"~ 1)~ 100

i 100 _
@ 155 (10~ D)

(c) 100 (1000 — 1)

(NDA/NA2008)
The sum of the first 20 terms of the sequence
0.7,0.77,0.777, ..... is

7

(a) % (179 -107%) (b) 5(99 -107%)

7 -20 Z -20
(c) g7 1794107 (d) 5 (99+107%)

(IT JEE 2013)
2 1 1
If—={x—— |+ )cz——2 +. to co and xy =2, then the
3 y y
value of x and y under the condition x < 1 are
1 1
x=—,y=6 by x=—,y=4
(@ x=3,y (b) x==,
(©) x=2,y=8 (d)x—l =12
c 4’ Yy 6’ y
The first two terms of a geometric progression add upto

12. The sum of the third and fourth terms is 48. If the terms
of the geometric progression are alternately positive and
negative, then the first term is

(a)—4 (b)—12 (o) 12 (d)4

(AIEEE 2008)

If 64, 27 and 36 are the Pth, Oth and Rth terms of a G.P,
then P + 2Q is equal to

(@) R (b) 2R (¢)3R

In a sequence of 21 terms, the first 11 terms are in A.P.
with common difference 2 and the last 11 terms are in G.P
with common ratio 2. If the middle term of A.P. be equal to
the middle term of G.P., then the middle term of the entire
sequence is

-10
(@) ETE

(d) 4R
(WBJEE 2012)

10 32

10 32 -31
31 © 35 @ 3,

(AMU 2009)

(b)
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22.Ifx=1+a+a*+...0candy=1+b+b*+...... 0, where a
and b are proper fractions, then 1 + ab + a®b* + ... 0 equals

xX+y )c2+y2

2 2
X -y Xy
© x+y—1 @ x+y—1
(Punjab CET 2007)
23. The first term of an infinite G.P. is x and its sum is 5. Then,
(a)-10<x<0 (b)0<x<10

(c)0<x<10 (d)x>10

(@) (b)

xX—y xX—y

(IIT 2004)

24.1f x > 0 and logyx + logyx +logy(Yx) +logy (V)

+ logs W+ .= 4, then x equals
@1 (b) 9 ()27 (d) 81
(VITEEE 2007)
25.1fa, b, c, d are in G.P, then (a + b + ¢ + d)? is equal to

(a) (a+ b)Y + (c+dy? +2(b+c)

(b) (a+ b)Y+ (c+d)*+2(a+c)}

(¢) (@+b)*+ (c+d)*+2(b +dy

(d) (@+ by +(c+dp+ (b +c) (Kerala PET 2012)

1. (a) 2. (0) 3. () 4. (a) 5. (b)
1. 12. @  13.(c) 14. (c) 15. (a)
21. (@) 22. (d)  23.(b) 24. (b) 25. (a)

6. (c)
16. (a)

7. (¢)
17. (¢)

8. (o)
18. (b)

9. (c)
19. (b)

10. (a)
20. (c)

HINTS AND SOLUTIONS

343
1. Here first term @ = 3, common ratio » = T\f = \/g

Let the nth term be 2187. Then,
T, =ar-1=2187

n—1
= 3x(\3)  =2187

)
= (B)' =79
-

- (B == (B)”
= n—-1=12 = n=13.
2. Given, n!, 3 X n! and (n + 1)! are in G.P
= @B xn!)2=nxm+1)
(- a,b,cin GP. = b*=ac)
= 9x (n)>=n!x(n+1)!
= 9xnl=(mn+1)
= On!=m+1).n! (v nl=123.....n)
= n+t+l1=9 = n=8.
3.1,x,y,z 16 are in G.P.
: a=1,n=5Tj=ar*=16
= =16 = r=2

x=ar=2,y=ar*=4,z=ar*=38
x+ty+tz=2+4+8=14.

4. Inthe G.P, 1,2, 2%, ....., 2", there are (n + 1) terms.
I

Geometric mean of this G.P. = (1x2x 2% x....x2")"*!
i

1
AN v
- (25("“))”+ =22,

5. Let the first term and common ratio of the G.P. be ¢ and r
respectively.

Then, T, =a =729, T, = ar’ = 64

ar® 64 ¢ 64 2° 2
_—— = ) =—=— =—,
a 729 729 3¢ 3
7
Lo 729 1—(2)
g - a(l-r") 3
7 1-r 1-2/3
128
729 1—-—2
= 12187 :2187(Mj:2059_

3

6. Let a and 7 be the first term and common ratio respectively
of the given G.P. Then,

T, = ar*=3
Required product =a . ar . ar? . ar® . ar*
=a’® r'% = (ar’)’ = 35 =243.
7. Let a and r be the first term and common ratio respectively
of the given G.P. Then, t, = ar, t, = ar, t; = ar*, t, = ar’

Given, &, +t;=ar+ar" =216 ..(0)
3
t 1 11 1 1
and 2 _Tae o o= o S=— (i)
tg ar 4 r 4 ro2

Now putting » =2, in (i) we get
2a+16a=216 = 18a=216 = a=12.
1 3 7 15

8.Let S =—+—+—+—+...... to n terms
2 4 8 16

)y

=(l+1+1+1+...tonterms)

{1 11 1 }
——t—t—+—..... to n terms
2 4 8 16
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9.

10.

11.

12.

Let the G.P. be a, ar, ar?, ......
As all the terms of the given G.P. are positive, a > 0, »> 0.
a=ar+ar
= ar+ar—a=0
= P+r—1=0.
—1£1+4 145

Given,

r = =
2 2
—1-+/5. .
- e V5 - 1 5 is a negative
2 quantity and 7 > 0
Let the given G.P. be a, ar, ar®, ar?, ..... , .

As the given infinite G.P. has a finite sum, | 7| <1
Also, given a=2(ar+ar*+ar*+ ...+ ©)

N 4= ar S = a
-7 1

-r
=a—ar=2ar

.Herea:ar,r:r]

= 1-r=2r = 3r=1 = rzg.

. . a
Sum of an infinite G.P = 1—, where first term = a,

common ratio = rand | 7| <1

3
Given, 4 =4 and ar= —
1- 4
= a=4-4r and a=—
4r
3
= — =4—4r = 3=16r-16/2
4r

= 16rP-16r+3 =0
= @r-3)@r-1=0

3 1
= 4r =3 or 4r=1 = r=— or —
4 4
3 3
Now when r=7 a= =1
4x =
r—l,aZ 3 =3
4 4x—

,2x+2,3x+ 3, are in G.P.
(2x+2)> =x(3x +3)
452+ 8x +4 =3x2+3x
X+5x+4=0
x+4dHx+1)=0
x=—-1 or

=

Uuuudy

—4

13.

14.

15.

Let the fourth term of the given G.P. be a. Then,

a 2x+2
r: =
3x+3 X
2x+2)(3x+3
_ L @x42)(x+3)
X
-8+2)(—24+3
Whenx=—4,Fourthterma:( )(4 )
_ —6x-21 _2
-4 2
-24+2)(-3+3
When x=71,a=Ll(+)=0.
27
Fourth term = —7.

. . a a a 3 5
Let the six numbers in G.P. be —,—,—, ar,ar”, ar
r r r

P

= a=1000 = a=+/10

. a a a 3 5
Given, —X—X—Xarxar”Xar” =1000
r

Given, Ty=ar=1 = 10r=1 = r=

S‘»—a
()

1 1
Last term of G.P. = ar’ = v/10 X =—.

(Vio)

aisthe AMofbandc=2a=b+c¢

Given, G, and G, are G.Ms between b and ¢
= b,G,G, careinG.P.
Let » be the common ratio of the G.P.

= G,=br,G,=br’, c=br
1
Now c=b? = r== = r= <P
b b
'’ /31 /
Glszmzb“c”:(bzc)”

2
= 2/3
G, = bx[%f _ b:20/3 = b3 (23 = (pe2 )3
Now G13 n G23 _ ((bzc)l/a )3 +((bcz)'/3 )3
=b*+bc?=bc(b+c)=bc.2a="2abc.
a,b,carcinAP. = b—a=c->b (D)
(b—a),(c—b),aareinG.P = (c—b)>=(b—a)a ..(ii)
From (7) and (if)

= (b—a)* =(b—-a)a
= b-ab-a)-a]l =0
= b-—a=0 or b-2a=0
= b =2a
(* a and b are distinct and b — a # 0)

2b=a+c¢
= 4da=a+tc =
a:b:c=a:2a:3a=1:2:3.

a,b,careinAP. =
c=3a.
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16. Let S, =9+99+999+ ... upto 100 terms
=(10-1)+ (100 - 1)+ (1000 - 1)
+ ..... +upto 100 terms
=(10+ 102+ 10° + .... upto 100 terms)
—(I+1+1+...upto 100 terms)
~10(10'° —1)
101

-100

(“ s =a(r”—l)

r—1

whenr>1)

= %(10“’0 -1)-100.

17. LetS,,=0.7+0.77 +0.777 + ..... upto 20 terms
=7(0.1+0.11 +0.111 + ..... upto 20 terms)

7
= 9 [(1-0.1)+(1-0.01)+ (1 —0.001) + upto
20 terms)

[(1+1+1+....upto 20 terms) — (0.1

NN IEN|

+0.01 +0.001 + ..... upto 20 terms)]

{20_0.1{1—(0.1)2}}
(1-0.1)

7
9

( S, = L—r)’ when r <1

1-r

T Mo (LY _1[20_1&‘”}
9 9 10 9 9 9
20

_ 1{179“0 }:%(1794_1020).

9 9
. 1 , 1 2
18. Given | x—— |+ | x" —— |+...t0co=—
y y 3
) 1o 2
= @+ +xr+.tow)— | —F+—F..toe |==
y oy 3
1
X y 2 X 1 2
= —— == = -—— ==
l-x ,_1 3 l-x y-1 3
y
2
1 2
= o—— =2 (rw=2 = x=2p)
2 y-1 3
1-=
y
2 12 2y—2-y+2 2
= - == 5 ==
y=-2 y-1 3 y:=3y+2 3
- 3y =202 -3y +2)
= 2?P-9+4=0 = 2)°-8y—-y+4=0
=~ -1 -4=0

19.

20.

21

1
= y=50ry=4

1 1
When y=5,x=4andy=4,x=5

1
x<l1 y=4,x=Eistrue.

Let a and r be the first term and common ratio respectively
of the given G.P.

Then a+ar= 12} ..(D)
ar* +ar’ =48 ..(i)
2
ar-(1+r) 48 o
a vrr)_ 0 D iy .
) T (Dividing (if) by (7))
= P=4 = r+2 = r=-2

as the terms of the G.P. are alternately positive and negative.
a(l+r=12 = a(1-2)=12 = a=-12.
Let a and 7 be the first term and common ratio respectively
of the given G.P.

Pth term of G.P = ar’ 1 = 64 =26 (D)

Now

Oth term of GP = a9~ 1 =27 =33 (i)
Rth term of G.P = asR~1=36=22. 3? (i)
Now from (i), 2 =ql/o pP-1/6 (iv)
From (ii), 3=q'3 2153 (V)
From (iii), 2.3 =g!2pR-D2 (Vi)
.. From (iv), (v) and (vi) we have
1Pl 1 Q-1 1 R-1
= aSr 6 ad.r3 =qlr?2
LoPo oot 1 R
—  gb 36 3 g2
1 P-1+20-2 1 R-1
I
_ P-1420-2  R-1
6 2
- P+20-3=3R-3
N P+20 =3R.

. Let the first term of the A.P. be « and common difference d.

Given d=2 = T, of AP.=a+10d=a+20.
Let the first term of the G.P. be b and common ratio 7.
Given r=2.
Now, the middle term of A.P = middle term of G.P
= T,of AP=a+5d=T,of GP=br
= a+5d=bh"
= a+10=32b (v r=2) (D)
Also the last term of A.P. is the first term of G.P.
b=T, of AP=a+20
From (i) and (ii)
a+10=32.(a+20)

...(ii)

- 630
= 3la=-630 = a=%
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Middle term of the entire sequence of 21 terms = 11th term 5_ X
=a+10d = r=——=1-¢
— 630 +20=— 630 + 620 = ﬁ Sum to infinity of the given series is a finite quantity,
31 31 31 |r|<1.
22. Since a and b are proper fractions, |a |<1,|b|<1 X X
1 u : I-—| <1 = —-1<|l-=|«1
x=1l+a+ad*+... oo = S, = 5
l-a I-r = -1<@5-1)<l1
1 Multiplying the inequality by (— 1
and y=1+b+b>+.. co=—ro ( Pyimns quality by (= 1)
1-b x
= 0<§<2 = 0<x<10.
1
Also, 1+ab+a*h?+ ... 0= (D)
1—ab 24, log3x+log3«/;+log3i‘/;++log3%4- ..... w0 =4
Now x= ! — x—xa=1 = log, x +log; x"? +log, x"* + log, (x"8) + .....c0 =4
—-a
= log, (x.x"2 x4 xI® _a)=4
X = ..
= xa =x-1 = a= B (7)) = log, (x| T12FIATIE o) =4
1 b
Y=1_ = y-yb=1 L
1- = logyx 2=4 (S, =all—r)
-1
- yh=y—1 = b=2- .. (i) = logx=4 = == = x=9.
y

25.a,b,c,darein G.P.

Putting the values of a & b from (ii) and (iii) in (i), e b=ar c=ar. d=ar. where r is the common ratio of

we get the G.P.
Reqd. sum= ! y = 11 . LHS =(a+b+c+d)?=(a+ar+ar’+ar’)
¢ 1_()6)()[)})}J ={a(l+r+r+r)2={a(@+r)+r(1+r)}?
o - — a1+ +P)2=a (1492 (1 +7)

=a>(1+r2(*+272+1)
=2 (A +r)?+2r(1+r)?+(1+7)?)
=a?* (1 +r)? +2a%72(1 + r)? + a®(1 +r)?

xy—(xy—x—y+1) B x+y-1
23. Let the common ratio of the given G.P be r. Then,

S = - 5=: = ey = (ar* +ar’)? + 2(ar + ar?)* + (a + ar)?
=(ct+d)?+2(b+c)i+(at+b)
HARMONIC PROGRESSION (H.P.)
(KEY FACTS)

1. A sequence of numbers is said to form a Harmonic Progression, when the reciprocals of the numbers form an
Arithmetic progression.
Ex. () 1+2+3+4+.. isan A.P

1 1 1 .
= l4+—+—+—+... is an H.P.
2 3 4

(@) a+(a+d)+(a+2d)+(a+3d)...1isan A.P.
1 1 1 1
= —+ + + +
a (a+d) (a+2d) (a+3d)
2. nth term of an H.P.

The nth term of an H.P. is the reciprocal of the nth term of the A.P. formed by the reciprocals of the terms of the
H.P.

1 1 1
..... , then its nth term is ——.
a+(n-1)d

1
If the given H.P. is —, > ,
a a+d a+2d
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cxlr-‘

2
Ex. Find the 7th term of the H.P. —3

13 11 13
The reciprocals of the terms of the given H.P, i.e., ?, 6,?, ..... form an A.P with first term = ? and

13 1

common difference = 6 ——=——.
2 2

1 1
7th term of thisA.P.=a + 6d= 73+ (——)X6 =%.

12
Hence 7th of the given H.P. = =—.
727

3. Harmonic Mean
If a, H, b are three quantities in H.P., then H is said to be the Harmonic Mean between a and b.
a, H, b are in H.P

1 11 )
= —,—,— areinA.P
a H b
1 1 1 1 2 1 1 2 a+b 2ab
—_———— =5 —==t= = —= = H= .
H a b H H b a H ab a+b
Ex. The Harmonic Mean between 3 and — 5 is:
2x3x(-5) =30
= ( )= =15.
3+(-5) -2
4. Ifa,, a,, ay, a,, ..... a, are n non-zero numbers in H.P., then their
[1 11 j
—+—+—+ ot —
. a  a, 4 n
Harmonic Mean =
n
5. Relations between the three series, i.e., A.P, G.P and H.P.
. . . . a—-b a a-b a a-b a
(a) Three numbers a, b, ¢ will be in A.P, G.P or in H.P. according as =—, =—, =—
b—c a b—c b b—c ¢
respectively.
-b
) : SN ~ba=ab—ac = 2ab=a*+ac = 2b=a+c = a,b,careinA.P.
—C a
.. a-b a 5 2 .
(i) b—c b = ab-b*=ab-ca = b*=ac = a,b,careinG.P.
—-C
a-b _a 2ac
(iii) — = ac—-bc=ab—ac = 2ac=ab+bc = b= = a,b,care H.P.
b-—c ¢ a+c

(b) If A, G, H are respectively the Arithmetic, the Geometric and the Harmonic means between any two
unequal positive numbers, then
(i) A,G,Harein G.P (ii) A>G>H.

(i) Let the two positive numbers be a and b. Then,

A_a+b G- rH_Zab
2 a+b

=ab=G"

+ 2ab
Then AxH= (“ b)x a

2 a+b
= G=+VAH = A, G, Harein G.P.
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>0=>4-G>0 = A>G

2

b b—2ab —Jb

(ii) A_G:a;- _\/a—:a+ > \/617:(\/; 2\/_)

Ao G — Jap 240 _ (a+b)\/ﬁ—2ab:\/ﬁ(a+b72\/ﬁ)=\/E(\/;_\/E>2>O
a+b (a+b) a+b a+b

= G-H>0 = G>H

A >G> H.

SOLVED EXAMPLES

7 7
Ex. 1. The third and seventh terms of an H.P are 1 and ETh Find the first term and the eighth term.

7 7
Sol. Third and seventh terms of an H.P are ﬁ and i

11 31
= Third and seventh terms of an A.P are 7 and 7

Let the first term of the A.P. be ¢ and common difference d.
11

Then, T, =a+2d= ) (D)
31
T, =a+6d=7 ...(ii)
20 5
.o _ - :> 4d:— ﬁ d:_
(i) - () 2 2
, 10 11 1
From (7) a+— =— a=—
7 7 7
T, —a+7d:l+7x§_l+5:§
7 7 7

The first and eighth terms of the H.P. are respectively the reciprocals of the first and eighth terms of the A.P,

ie.7and —.
36

Ex. 2. Insert three harmonic means between 5 and 6.

Sol. 3 harmonic means between 5 and 6

1 1
= 3 arithmetic means between g and g

1
LetA,, 4,, 4, be the arithmetic means between g and g

1 1
Then, g, A, A, 4, g form an A.P,

1 1
where L=a=_, t5=a+4d=—
5 6

l+4ai _ 1 = 4a7=l—l:—L !
5 6 6 5 30

1 1 23
Ay =a+td=—+|-——|=—
5 120 ) 120

a+2d=%+2x(— 1 ) 1.n

A

2 1205 60 60
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JRPRUVER U (TR T B
5 120) 5 40 40

Required harmont 120 60 40
equire armonic means are 23 Py 11 9 7 .

mn
Ex. 3. If the mth term of an H.P. is n and nth term is m, show that the rth term is —.
r

Sol. Let the corresponding A.P.be a, a +d, a +2d, ....
Since the mth term and nth term of the H.P. are n and m respectively, then for the A.P.,

1
mthterm =a+ (m—1)d= — 0
n
1 .
nthterm =a+(n—-1)d=— (7))
m
(i)—@G) = (m-Dd—(m-1)d=—-—
m n
= n-md=""""= d=—
mn mn
C 1 1
Putting in (i), a + (m =) X —=—
mn n
1 1 1 1
= a=——+—=—
n n mn mn
1 1 p
t=a+(@r-1d=—+@-1)—=—
mn mn  mn

mn
rth term of HP. = —.
r

H + H +
X, y_

Ex. 4. If H be the harmonic mean between x and y, then prove that T Do
Sol. H being the H.M. between x and y
2
= H==2 £= 2y and Ez 2x
x+y X X+y y )C+y
N H+x: 2y+x+y and H+y= 2x+x+y
H-x 2y—(x+y) H-y 2x—(x+y)
(Using Componendo and Dividendo)
H+
- x:3y+x and H+y:3x+y
H—x y—Xx H-y x-y
H+x+H+y B 3y+x_|_3x+y_3y+x—3x—y_2(y—x)_2
H-x H-y y—x Xx—-y y—x y—Xx '
Ex. 5. In an H.P., pth term is gr and gth term is pr, show that rth term is pq.
1 1
Sol. T of HP=¢qr = T ofAP=— = a+@p-1)d=— ..(D)
P P qr qr
Where a and d are the first term and common difference respectively of the A.P.
1 1
Also Tq of HP=pr = Tq of AP=— = a+(@-1)d=— (7))

pr pr
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11 -
Eqn (i) —Eqn () = (q-Dd—(p-1d=—-— = (q-pd=1"L = d4=—r0o
proqr par par

[ 1 1111

= atpp-1)—=— = a=—-(p-)—=——--—+—=——,
par  qr qr par qr qr pqr pgr
1111

1
T ofAP=a+(r—1)d=——+(-1) —
pqr pqr pqr pq pqr pq

= T of H.P = pq.
Ex. 6. Let a, b, c be in A.P and |a|<1, |b|<1 and |c|<1. If

x=1+a+a*+... to ©

y=1+b+b*+...to o
z=1+c+c?+.... to oo, then show that x, y, z are in H.P.
1
Sol. x=1l+a+a*+... to oo =
1-a
=1+b+h>+ to<>o—L
y=1+b+b"+... 5
1
z=l+c+P+...tow=
l1-¢
Now, a, b, ¢ are in A.P.
= l-a,1-b,1—-careinA.P.
1 1 .
, R are in H.P.
l-a 1-bH 1-c
= X,),zarein H.P.
Ex.7.1fa, a,, a, ....., a, are in H.P. then what will (a,a, + a,a, + ..... +a, ,a,)equal to? (AMU 2003)
Sol. a,, a,, a, ..... , a, are in H.P.
1 1 1 .
—, , — are In A.P
a a4, a, a,
If d is the common difference of the A.P., then,
LN P L S R AL N S
a4 q a; a, d,_ a4, a,ds a,_ a,
= a,—a,=aa,d,a,—a,=a,a,d, ... ,a, (—a,=a, ,ad
= (a,—a,ta,—a;+ .. ta, —a)=aadtaadt ... +a, (ad
= (a,—a,)=(aa,taa,+...+ta,  a)d ..(0)
1 1
Also, —,—,.....— is an A.P with common difference d
al a2 an
1 1 1 1 a —a
- —=—+(n-Dd = @H-Dd=—-— = (n—ld="—"=
n al an 1 alan
= a,—a,=(n-1daa, ...(ii)
From (i) and (i)

(n—Ndaa,=(aa,+aa,+...+a, a)d

n

= (aay,taa,+..+ta, a)=mn-1)aa,.
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1 1 1
Ex. 8. If —z,b—z,—z are in H.P, show that b + ¢, ¢ + a, a + b are in H.P.
a c
Sol. We know by the property of H.P, if x, y, z are H.P, rr_x
y—z z
11 1 b’ —a’
1 1 1 ) 672_[7_6? a’b? _02 cz(bz—az)_c2
2 arein HP. = i_l _i = 2 = az(cz—bz)_az
bt b2 c?
= P —a?=c*-b = 20> =c*+a? (D)
Now, for b + ¢, ¢ +a, a+ b tobe in H.P
(btc)y—(c+ta) b+c N b-—a b+c
(c+a)—(a+b) a+b c—b a+b
= b-a)y(b+a)=(c+b)(c-b)
= b*—a*=c2-b*> or 2b*>=c*+a? which is true from (i)

b+c¢,c+a,a+ barein H.P.
. . . S S
Ex. 9. The sum of the reciprocals of three numbers in H.P. is 15 and the product of the numbers is 105 Find

the numbers.

1 1 1
Sol. Let the three numbers in H.P. be ——

a-d a a+d
(a—dy+a+(a+d)=15

= 3a=15 = a=5
1 1 1 1 1 1 1 1

Also c— =— > —5——m—— =2 ————=—
(a—d) a (a+d) 105 a(a”—d~) 105 5(25-d°) 105
= 25-d* =21
= d*=4 = d=4+2
111
Hence the numbers are —, —,— when d =2
357
111
or —,—,— whend=-2.
753

1 1
Ex. 10. Insertbetween 5 and 16 two numbers such that the first three may be in H.P. and the last three in G.P.

1 1 1
Sol. Let a and b be the two numbers between s and 6 Then % a, b are in H.P.

2><b><1 2ac
- a=—"0 w a,b,cinHP = b=
l+b a+c
6
a b .
= —+ab =— = a+6ab=2b (D)
6 3

1
Also, a, b, — are in G.P.
16
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b2=ax% - b2=% - a=16} ...(if)

U

.. From (i) and (ii)

166> +6 x 166> xb =2b = 160> +96H> -2b=0 = b(16b+96h>—-2)=0
b(96b*> +16b—-2) =0 = b(48p>+8b—-1)=0

b(12b—1)(4b+1) =0

b U Uy

1 1
b=—or——or0
12 4

1 1 1 1
Since —— and 0 do not lie between —and —, therefore, b = —
4 6 16 12

1 1

H =162 =16 X—=—.
ence a YR

. 1 1

", The required numbers are 7 and o

Ex. 11. If A.M. between two numbers is to their G.M. as 5 : 4 and the difference of their G.M. and H.M. is 16/5,
find the numbers.

Sol. Let the two numbers be a and b. Then,

a+b
AM =
2
GM. = Jab
2ab
HM. =
a+b
Given, AM:GM=5:4
- (a+b)2 5 - a+b 5 ()
-~ 7 = _ = — .2
Jab 4 2Jab 4
Also, G.M.-HM. =16/5
2ab 16
Jab - = (7]
- “ a+b 5 @)
5x2 5
From(i),a+b=T\/£:>a+b=5\/E. ..(iif)

Putting this value of (a + b) in (if), we have

Jap 20,2 16 \/a_—%\/CT:E

Jab 5 5 5
1 16
- g\/Ez? = Jab =16 = ab=256
5
" From (iii), a+b=5><16:40.

(a—b)> = (a+b)>—4ab=40>— 4 x 256 = 1600 — 1024 = 576
= a—b=+24
Now solving a + b =40 and a — b =+ 24, we get
a=32,b=8 or a=8,b=32.

. The numbers are 8 and 32.
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Ex. 12.

Sol.

Ex. 13.

Sol.

a-x_a—-y a-—-3

If and p, ¢, r are in A.P., show that x, y, z are in H.P.
px 9y rz
Let a-x _a-y_a-z_,
px qy rz
- - 1
Then, a=x =k = a x:p =>p=— 2_1
px kx k\ x
1({a 1(a
Similarly, =—|==1| r==|=-1
imilarly q k[y ] k(z )
Now, p, g, r are in A.P.
1 1 1
= 2o Lo = 2-1 ] arein AP
k\ x k\y k\z
a a a . L
= ——1L,——1L——1 arein A.P. (Multiplying each term by k)
X y z
= ﬁ’ﬁ,ﬁ are in A.P. (Adding 1 to each term)
Xy z
111 ) o
= —,—,—areinA.P. (Dividing each term by a)
Xy z

= X,),zare in H.P.

Let a, b be two positive real numbers. If a, 4,, 4,, b are in arithmetic progression, a, G,, G,, b are in
geometric progression and a, H,, H,, b are in harmonic progression, then show that
GG, A +A4, (2a+b)(a+2b)

HH, H +H, 9 ab
a,A,,A,,bareinAP. = A4 -a=b-4, = A +A4,=a+b (D)
G b
a,G,, Gy, bareinGP. = —=— G, G,=ab (i)
a G,
a, H,, H,, b are in H.P.
1 1 1 1 .
= —,—,—,— are In A.P.
a H H, b
1 1 1 1
f— _—— = ———
H a b H,
1 1 1 1
= —t— = —+—
H H, a b
H +H +b A+ A
= 177 _GT0 AT (From (i) and (if))
HH, ab G,G,
GG, A+ A,
= = . Hence proved.
H . H, H, + H,
1 1 1
Now —,—,—— are in A.P (" a, H,, H), are in H.P.)
a H H,
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2 1 1
. S ..(iiD)
H H, a
1 1 1 . .
Also, —,——,— arecinA.P (- H,, H,, barein H.P.)
H H, b
1 1 1 1 2 1 1 .
= —_——— = ——— —_——— == ..(v)
H, H, b H, H, H b

3 b+2a 3ab
= —= =
H, ab 2a+b
2 1 4 2 1 2
Eq. (iv) +2 x Eq. (iii)) = |——— — = |==+=
H, H, H H, ) b a
N 3 _a+ 2b = H, - 3ab
H, ab a+2b
GG, ab (a+2b)(2a+b)
= = Hence proved.
HH, 3ab « 3ab 9%ab
(a+2b) (2a+Db)

1 1
1+log x 1+1log y’ 1+1logz

Ex. 14. Ifx>1,y>1,z>1 are in G.P., then show that are in H.P.

(IIT 1999, Manipal 2012)
Sol. x, y, z are in G.P.

= y’=xz = 2logy=logx+logz

= logx,logy,logzarein A.P.

= 1l+logx, 1+logy, 1+logzareinA.P. (Adding 1 to each term)
1 1 1 )

= are in H.P.

1+logx’1+logy’1+logz

Ex. 15. Find the harmonic mean of the roots of the equation
G+2)x* = (4+5) x+ 8+ 25)=0.
(IIT 1999, MPPET 2010, EAMCET 2013)
Sol. Let the roots of the equation be o and . Then,

(4+/5)
Sum of roots =a + = ——=
b 5+\E

8+2\/§

Product of roots = o =
P 5+ \/5

2[8+2J§]

20B _ |\ 5+32 )_4@+45)_,

a+B (4+5)  4+5
5+2

Now, Harmonic Mean of the roots, o and § =
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PRACTICE SHEET

3
b [
@ 56— 2n i
60
(c) — (d) None of these
16 —n
. The harmonic mean of and is
1—ab 1+ab
1
(@) a () a0
a a
c) ——

© s @ =

(AMU 2002)

1 1
. The 5th and 11th term of an H.P. are 5 and © respectively.
Then, its 16th term will be

I
(a)77 ()81

1
s Dy
(Rajasthan PET 2003)

. If the A.M. and G.M. of two numbers be 27 and 18
respectively, then what is their H.M. equal to?

(a) 24 (b) 12 () 16 () 28

2 12
. If the first two terms of an H.P. are 3 and T respectively,

(©)

then the largest term is
(@) 2nd term (b) 3rd term  (c) 4th term (d) 6th term
(AMU 2007)

. If a and b are two real numbers such that 0 <a < b and the

. . .4 .
arithmetic mean between a and b is g times the harmonic

mean between them, then b/a is equal to
3 8
©3 @3

2
R b —
@5 Oy
. G.M. and H.M. of two numbers are 10 and 8 respectively.
The numbers are

(@)1,100  (b)2,50 (©)4,25  (d)5,20

(WBJEE 2010)
. Five numbers are in H.P. The middle term is 1 and the ratio
of the second and fourth terms is 2 : 1. Then, the sum of the

first three terms is
(a) 1172 ®)5 (c)2 (d) 14/2
(WBJEE 2013)

. If for two numbers the ratio of their H.M. to G.M. is
20:29, then the numbers are in the ratio
(a)3:40 (b)4:25 (c)1:22 (d)2:27

(Type IIT)

10. If 2(y — a) is the H.M. between y —x and y — z, then (x — a),
(y—a), (z—a)are in

(a) A.P. () G.P. (c) H.P. (d)None ofthese
(Rajasthan PET 2001)
. 1 1 1)1 1 1),
11.If a, b, ¢ are in H.P, then | —+——— || —+——— | is

a b c¢c)\b ¢ a

equal to

4 3 3 4 4 3 3 4

_ b _ _ —_ 4 —

(a) e (b) . ac () w (d) e

(Kerala PET)
12. If the /th, mth and nth terms of an H.P. are in H.P. then
[, m, n, are in
(a) H.P. (b) A.P. (c¢) G.P. (d)None ofthese
13. Iflog (a + ¢), log (c —a) and log (a — 2b + ¢) are in A.P, then
(a) a, b, c are in A.P. (b) a?, b2, c? are in A.P.
(¢)a, b, c are in G.P. (d) a, b, c are in H.P.
(DCE 2002)
14. If the sum of the roots of the equation ax?> + bx + ¢ =0 is

. 4 c .
equal to sum of their squares, then —, —, B are in
a

(a) A.P. (b) G.P (c)H.P (d)None ofthese

(Punjab CET 2008)
15. If a* =1 = and x, y, z are in H.P., then a, b, c are in

(a) G.P. (b) AP (c) H.P. (d)None ofthese
15 5 3
16. If x> + 9y + 2522 = xyz (— + =+ —], then x, y, z are in
X y z
(a) G.P. (b) H.P. (c)A.P. (d)None ofthese
(DCE 2004)

17. If a, b, c are in A.P. and &2, b2, ¢2 are in H.P., then which of
the following statement can be true?

(a)a,b,—%areinG.P. (Bya=b=c

(c) Any of these (d) None of these
(IIT 2003)

18. The H.M. of two numbers is 4. Their A.M. is 4 and G.M.
is G. If 24 + G? =27, then 4 is equal is

9 27
@5  ®»8 @ @7
(WBJEE 2011)

19. Let the positive numbers a, b, ¢, d be in A.P. Then, abc, abd,

acd, bed are

(@) NOT in A.P/G.P/HP (b)InA.P.

(¢) In G.P. (d) In H.P. (IIT 2001)
20. Ifa*=bY=c*=d"and a, b, c, d are in GP, then x, y, z, u

are in

(a) A.P. () G.P. (c) H.P. (d)None ofthese

(VITEEE 2010)
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21.1fa, ay, ay, ... , 4,,, b are in arithmetic progression and a,
81> &ps wooe g,,» b are in geometric progression, and / is the
) ay+a,, G tay,
harmonic mean of @ and b, then + + ...
8182n 8282 -1
a, + Ay 41 .
+— isequal to
gn gn+l
(a) 2nh (b) n/h (c) nh (d) 2n/h
(DCE 2009)

an+1+ n+l1
22. Find the value of n for which (”—b”j is the
a +

harmonic mean between a and b.

3 1
@-2  ®»-; @1 @y

1 1 1

+ =—+—andb#(a+c),thena, b, c are in
-a b-c a c

(a) AP (b) G.P (c)H.P (d)None ofthese
24. If a, b, ¢ are in H.P. and half the middle term be subtracted

from the three terms, then the resulting series will be in

(a) A.P. (b) G.P (c)H.P (d)None ofthese
25. If p, g, r are in H.P and the (p + 1)th, (¢ + 1)th and (» + 1)th

terms of an A.P. are in G.P., then the ratio of the first term

to the common difference of the A.P. is equal to

23.If

-2 q
pr

—pr

@ ©r @

9. (b)
19. (d)

10. ()
20. (¢)

6. (¢)
16. (b)

7. (d)
17. (¢)

8. (@)
18. (a)

HINTS AND SOLUTIONS

1. (¢) 2. (a) 3. (d) 4. (b) 5. (a)
11. (¢) 12. (b) 13. (d) 14. (¢) 15. (a)
21. (d) 22. (¢) 23. (¢) 24, (b) 25. (a)
1 4,42,4§,5, ....... are in H.P.

7 13
1 7 13 1 .
= Z,%,—O,g, ..... are in A.P.

T —a+(n1)d—%+(n—l)(—i)

" 60
1 n 1 1541 n 16-n
4 60 60 60 60 60
60
nth term of the H.P. = .
16—n
. . . 2ab
2. -+ Harmonic mean of two quantities « and b is "y
a
P4 [ ]
l—ab 1+ ab
Reqd. HM. =
a a
7.’.7
l—ab 1+4+ab
2a°
 (1-d’b?) _z_a
a+a’*b+a—-a’b a '
(1-a’b%)

1
3. Given, 5th term of an H.P. = 5

= 5th term of corresponding A.P. =45

1
11th term of an H.P. = —
69

= 11th term of corresponding A.P. = 69

Let a and d be the first term and common difference of this

A.P.

So atdd=45 (D)
a+10d =69 ...(ii)

(i)—()= 6d=24 = d=4

From (i) a+16=45 = a=209.

Te=a+15d=29+15x4=29+69=289
1
16th term of corresponding H.P. = 39"
4, (GM)?=(AM).(HM.)
18x18
(182=27xHM. = HM-= > =12.
. 2 . 5 30
5. First term of HP= — = Firstterm of AP= —=—
5 2 12
12 13
Second term of H.P = E = Second term of A.P= E

The first and second terms of the corresponding A.P.

30 13 . .
are — and T respectively. The common difference

12
133017
12 12 12

. .30 13 4 21
The corresponding A.P.is —,—,——,——, .....
1212 127 12

. 12 120 12 12
The corresponding HPis —, —,——,——,.....
30 13 4 21

All the terms after the second term are negative, so the
largest term is out of the first two terms, i.e., between
12
— and 2
30 13
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12 12 12 .
—>—,80,— i.e,second term is the largest term of
13 30 13

the H.P.
a+b

6. Arithmetic mean between a and bis 4 =

2ab
a+b

4 4(2
Given, A=y o atb [ "b]

Harmonic mean betwen a and b is H =

3 2 3la+b
= 3(a+b)>=16ab = 3b*>—10ab+3a*>=0

2
b b
=3 (—) -10 (— j +3 =0 (Dividing throughout by a?)
a a

-

= b :l or 223 ‘: O<a<b = éil}
a 3 a a 3
b
= — =3
a
7. Let the two required numbers be a and b.
Then, G.M = ab =10 = ab =100 ()
2ab b 100
HM. = 222 =8 s a+h=2=—2=25 _(ii)
a+b 4 4
(a—b)* =(a+b)*—4ab
=625 —-400 =225
= a-b=+x15 ..(iif)

Solving (i) and (ii), we get a =20, b=5 or a=5,b=20
The required numbers are 20 and 5.
8. Let the terms of the corresponding A.P. be
a-2d,a—d,a,a+d,a+2d.

. a-d 1
Given, a=1 and =—
a+d 2
= 2a-2d=a+d
1 1
= a=3d = d=—-a=—. (va=1
3 3
. 2 .. 12
First three terms of A.Pare 1 ——,1——, L ie,—,—,1
3 3 33
. . 3
= First three terms of corresponding H.P are 3, > 1
1 11
Required sum= 3+ —+1=5—=—.
2 2 2
9. Let the two numbers be a and b.
. HM 20 2abla+b 20
Given, —— =— = —F——=—
GM 29 \ab 29
2Jab 20
= — 58Vab =20(a+b
- a+b 29 (@+5)

—  20a- 58Jab +20b=0

10.

11

.Ifa,b,caremHPthenb—

20; - 58\/; +20 =0 (Dividing all terms by b)

=
a
= 20x2 — 58x + 20 = 0 (where x = \/g)
= 20x-50x—8x+20=0
= 10x(2x—5)—4(2x—5)=0
= (10x-4)(2x-5)=0
2 5
= xX=— or —
5 2
- \/E —g or E
b 5 2
a 4 25
= — = o —
b 25 4

Thus from the given options, the two numbers are in the
ratio 4 : 25.

Given, 2(y — a) is the H.M. between (y —x) and (y — z)
= (¥-x),2(y—a),(y—z)arein H.P.

1 1 1 .
= R R are in A.P.

y-x 2(y-a) y-z
1 11 1

T 20-a (-9 (-2 20-a)
N y—x-2y+2a =2y—2a—y+z
20-a)(y—-x) (-2)2(y-a)
N -x—y+2a :y+z—2a
(y=x) (y-2)
- x+y-2a :y+z—2a
xX—=y y—z
N -a)+(y-a) _ (@-a)+(z-a)

x-a)-(y-a) (-a)-(z-a)
Now applying componendo and dividendo, we have

. + +b
(By comp. and div., L L a_j
y

x—y a-b
2(x—a) _2(y—a)
2(y—a) - 2(z—a)
= (x-a)(iz—a)=y-a)
= (x—a),(y—a),(z—a)arein G.P.
2ac

=

s

a

1 atc +c

+ —_——

a ac c a
(2c+a+c—2a)(a+c+2a 2cj

3c—a](3a—c) lOac—Sa —-3c2

2ac 2ac
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_ 16ac—(3a2 +3c¢? +6ac) 16ac—3(a+c)2

4q%c? 4q%c?
_ 4 gfatcY _4_ 3
ac 2ac ac b?

12. Let the /th, mth and nth terms of the corresponding A.P. be

= a+(-)d) = 20,=T+1,

T,=a+(m-1)d = 2[a+(m-1d]
=a+(-)d+a+(n-1)d

I,=a+(n-1)d| = Q2m-2)d=(I+n-2)

= 2m=I+n
= [,m,narein AP’
13. log (a + ¢), log (¢ — a) and log (a — 2b + ¢) are in A.P.
= 2log(c—a)=log(a+c)+log(a—2b+c)
= log(c—a)*=log[(a+c)(a—2b+c)]
= c*+a*-2ac=ad*+ca—2ba—2bc+ac+c?
= 2ab+2bc=4ac = b(a+c)=2ac
2ac

= = a,b,carein HP.
a+c

U

14. Let a, B be the roots of the equation ax? + bx + ¢ = 0.

b
Then, otp=-—, 0€B=£
a a

Also, given a+B=a?>+p> = a+p=(a+p)-20p

a a a

b (bjz 2
b (b} _2

= —ba=b*-2ac = b*+ab=2ac

b 2
= b(bta)=2ac = 2.4-2
c ¢ b
cab .
= —,—,— arein A.P.
a b c
. 2xz
15.x,y,zareinHP = y=
X+ z

Given, a*= b =" =k (say)

Then xloga=1logk,ylogb=1logk, zlogc=logk
_logk  logk

_logb’

Putting these values of x, y, z in (i), we get

) log k \( log k
logk loga || logc

_logk

=X

= s z=
log a log ¢

log b log k . log k
loga logc
logk 2 (log k)*

logb_ log k log ¢ + log a log k

(log k)* _ 2 (log k)*
log b

log c +log a

2loghb=logc+loga = logb*=Ilog (ac)

Uy

b =ac = a,b,careinG.P.

(i)

16.

17.

18.

19.

20.

. 15 5 3
Given, x>+ 92 +2522=xyz | —+—+—
x oy z

= X+ 9y?*+2522 - 15yz—5xz - 3xy=0
= 2x*+ 18y* + 50z — 30yz — 10xz — 6xy =0
= (x-39)?+@By-522+(x-5272=0
= x=3y,3y=52,5%2=x = x=3y=5z
x z x z
= 17171 2 5757
3 5
_ 2xz
. _x+z
= Xx,),zarein H.P. 2x15x3
1543
a,b,careinAP. = 2b=a+c (D)
22
a%, b, c2areinHP. = b*= 22acz (i)
a +c

From eqn (ii)

b* (@> + ) =2a*c* = b* {(a+c)*—2ac} =2a*?

= b* {4b* - 2ac} = 2a*c? (From (i) 2b=a + ¢)
= 2b*—b%ac—a**=0 .. (iii)
= (b*—ac) 2b*+ac)=0
= b -ac=0 or 2b*+ac=0
2
= a+c Cac =0 p= S
2 2

= (a—cP=0 a,b,— % are in G.P.
= 2b=2c¢ (From (7))
= b=c
Let the two numbers be a and b. Then,

2ab ab

HM = ,=4 +b=—
a+b - ¢ 2 @

+b
Also given, A= aT, G =«/E

a+b

24+ G*=27 2x +ab =27

= at+b+ab=27 = (a+b)+2a+b)=27
+b 9

= 3a+b)=27 = a+b=9 a2 ==
Ifa, b, ¢, d are in A.P.
= d,c, b,aarein A.P.

d c b a .
= are in A.P.

abed’ abed” abed’ abed
(Dividing all terms by abcd)
1 1 1
abe’ abd” acd bed
= abc, abd, acd, bed are in H.P.
a*=b=c=d"=k (say)
a=k"* b=k"W, c=kl d=k" ..(0)

are in A.P.

Given,
Then,
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Since a, b, ¢, d are in G.P.

b_ce_d
a b ¢
kl/y kl/Z kl/u
= 0 kl_/y:kl/z (Using (i)
= kl/y— x — kl/z— Iy — kl/u— 1/z
1 1 1 1 1 1
= ——— = ———=——
y X z Yy u z
1111 . .
= —,—,—,—areinAP = x,y,z uarein H.P.
Xy z u
21. Given, a, a, a,, as, ...... , a,,, b are in A.P.
= a, ta, =a,ta, |=.... =a+b

(va-a=b-ay,a,~a=b-a, )
Also, a, g, g, ... g,,» b arein G.P.

= 2,85, =8 &y | = e = ab
a1+a2n +a2 +a2n71 ..... +M
gl g2n gz gzn,l gn gn+1
a+b a+b a+b '
= + + ... + — (n tlmes)
ab ab ab
n(a+b) 2n
= ————=——, where,
ab h

2ab
[Given, h = i b is the harmonic mean between a and 5]
a

an+l+bn+1
22. If Y is the harmonic mean between a and b, then
a +
an+1+bn+1 B 2ab
a" +b" a+b
= a"lat+a"t ' b+b" L a+ b b=2ab-a"+2ab b"
= a"”-i—a”“b+b"+1a+b”+2=2a”+1b+2ab"+l
= an+2+bn+2:an+lb+abn+l
= an+2_ban+l=abn+l_bn+2
= a””(a—b)=b””(a—b)
a n+1 a n+1 a 0
= an+1:bn+l = _ =1 = - = =
b b b
= n+tl1=0 = n=-1
1 1 1 1 b—c+b—-a c+a
23. + =—+- = =
b-a b-c a c (b-a)(b-c) ac

2b—(c+a)
b’ —-bla+c)+ac ac
= 2bac—ac(a+c)=b*(a+c)-b(a+c)’+ac(a+c)

_Cl+C

= b (a+c)-b(a+c)+2ac(a+c)—2abc=0

= batce)b—(a+c)+2ac(a+c-b)=0

= batce)b-(a+c)—2ac(b-(a+c)=0

= [b(a+c)—2ac]l(b—(a+c)=0

= b(atc)-2ac=0(b#a+tc = b-(a+tc)=0)
N 2ac

= = a,b,carein H.P.
a+c

24. Let the three numbers in H.P. be a, b, c.

2ac

b=
a+c

The new numbers after subtracting half the middle term
from each term are:

ac a
a—— = - =
a+c a+c
b b ac
2 2 a+c
ac c?
c——= — =
2 a+c a+c

[l
Now, (a—-—|l¢c—=|=

2 2 a+clla+c
a*c? bY
_(a+c)2:(5)

= (a—é) b (c—é) in G.P.
7 )7 5 |arein G.P.

. 2pr .

25.p,q,rareinHP. = g¢= (D)
p+r

Let a and d be the first term and common difference

respectively of the A.P.

T,,,=a+tpd
Tq+1=a+qd
T =atnd
Given, T, ., T, |, T, arein G.P.
= (Tqﬂ)zszH'TrH

(a+qd)*=(a+pd) (a+rd)
= a®+2aqd+¢*d*=a*+ad (p +r) + prd?
= ad(2q-p-r=d*(pr-q’)

1 2
a  pr-¢ _5(p+r)q—q

= d _2q—p—r_ 2g—(p+7r) (Using (1)
—%[2q—(p+r)]

2g—(p+7r) 2’
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ARITHMETICO-GEOMETRIC SERIES

(KEY FACTS)

1. A series in which each term is the product of corresponding terms of an A.P. and a G.P. is called an
Arithmetico-Geometric series.

The general or standard form of such a series is

a+(a+dyr+(a+2dp*+(a+3dy +...+ {a+(m—1)d}r" ' + ... where each term is formed by multiplying
the corresponding terms of the two series.

AP.:a+(a+d)+(a+2d)+...+t(a+(n—1d)+... and
GP.:l+r+r+. ...+ 1+...

2. nth term of an Arithmetico-Geometric series is
T ={a+m-1)d}r 1

3. Sum of n terms of an Arithmetico-Geometric Series

Let S, be the sum of the n terms of the series a + (a + d)r + (a + 27 + ...+ (a+(m—1)dyp!

Then, S =a+(a+tdyr+@+2dr*+...+@+m-1)dyr! (i)

rS = ar+(@+dy? +...+t(a@a+m-2)dy" ' +@+(mn-1)dr ..(ii)
Subtracting eqn (if) from eqn (i), we get
(A-nS =@+dr+dr+... +dr'-Y—(a+(n-1)dr
n-l

aa dr(1-r""")

= —(a+(m-Dayr"
(I1-r)
_a_ _dr(-r""Y) (@a+(m-Dd)r"
- STt T as ey a-r

4. Sum of an infinite Arithmetico-Geometric Series
Let the infinite Arithmetico-Geometric series be
at+(@a+dyr+@+2d)r*+ .. ta+(mn-1)dr'—'+... o
If |r|<1,thenr"—>0andr"~!— 0 as n—> oo, then

a dr
? 1-r (A-r)’

SOLVED EXAMPLES

Ex. 1. Find the nth term of the given arithmetico-geometric series:

3 5 7
@) —+=+—+—+..... (@) 1-2x+3x2-43 + ...
3 9 27 81
Sol. (i) The A.P. and G.P. corresponding to the given series
1 3 5 .
—+—+—+—+..... are respectively
3 9 27 81
11 1 1
1,3,5,7, . and —, —, —,—, oo
39 27 81
nthterm of AP. =(1 +(n—1)2)=2n-1)

th term of G.P. — LY (LY
ermof GP. = —-| = | =|=
" 313 3

1 n
. nth term of the given series = (2n—1) (5) .
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(if) The given arithmetico-geometric series is
1 —2x+3x2—4x3+ ...
where corresponding A.P. and G.P. are respectively 1, 2, 3,4, ....and 1, — x, (—x)%, (—x)3, .....
nthterm of AP =(1+(n—-1)1)=n
nthterm of GP =1 .(—x)" " '=(=1)"" T ()"~ L
nth term of the given series=n . (= 1)" ' x" 1= (= 1)" T nx" -1,
. . 3 7
Ex. 2. Find the sum to n terms of the series 1+ = + y + = + e
3 5 7 ) . . . . . .
Sol. 1+=+—+—+...... is an arithmetico-geometric series with corresponding A.P. and G.P as:
AP :1+3+5+7+ ...
1 1 1
GP:l+—+—+—+...
2 4 8
nthterm of AP. =(1+(n—-1)2)=2n-1)
1 n—1 1
nthterm of G.P. = 1.| — =—
2 2"
2n—1
nth term of the given A.G.P. = 2nn_1
3 5 7 2n—1
S =1+—+—+—+......... —
" 2 8 2"
1 1 3 5 2n-3 2n-1
= =8, = —t—t—-t.tat—
2 2 4 8 2"! 2"
On subtraction, we get
-1 S, T 21 2n -1
2 2 2" 2"
= lSn :1+2{—+—+—+ ......... 11}_271—1
2 2" 2"
2 2 -
= lSn:1+2 2n—1 142 4 2n 12372n+3
1_ l Zn n 2n 2n
2
2n+3
Sn - 2n—1
. . 10
Ex. 3. Find the sum of the series 1+ —+—2+5—3+ S
_1 4 7 10 )
Sol. Let SOO = +§+5—2+5—3+....°° ...(D)
1 1 4 7 ..
gSm = g+5—2+5—3+....°° (7))

Subtracting eqn (if) from eqn (i), we get

(1—lj5w = 1+§+i+i+....oo
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iSm =143 1 L+i+ oo)
5 5 52 3
1
5 3/5 3 7
—1+3| =2 | (-~ Sum ofinfinite G.P= ——) =1 =l+2=2
1_1 I-r 4/5 4 4
5
5 - Ix2=3
* 4 4 16
R . . M
Ex. 4. If the sum to infinity of the series 3 + 5r + 7r* + ...... o is ?,ﬁnd the value of r.
Sol. 3+5r+7r+...... o is an infinite arithmetico-geometric series, where
a =3,d=2, common ratio () =r.
Sum to infinity of an A.G.P., with first term of A.P, as @, common difference d and common ratio r is
a dr
S =—+ 5
* 1-r (-7
44 3 2r 44 3(1-r)+2r
. + T = o T T A
9 l-r (-r) 9 (1-=r)
= 4(1-r?=90B-r) = 440-2r+r)=27-9r
= 44 —88r+ 4412 =27-9r = 442 -T79r+17=0
1 17
= @r-1Hlr-17) =0 = r=Z or m
17 1
riﬁ as it is not possible to find the sum of an infinite G.P. with | » | > 1. So r=z.
1y i
Ex. 5. Show that 24 x43 X 816 X163? X ......c0=2
r 1 1 1
Sol. Let x = 24 %48 x810 X163 X.....00
1 1 1 1
1 = —log2+—logd+—log8+—Iloglo+.....00
0gx 4 g g 16 g > o
:llog2+—log22+Llog23+—10g24+ ..... oo
4 16
1 3 4
=—log2+—log2+—log2+—Ilog2+....00
4 8 . 16 8 32 .
1 2 3 4
=|—+ —+—+—+... |log2
[4 8§ 16 32 j s ®
2 3 4 _ . . . .
Now, —+ —+—+—+..... 1s an Arithmetico-Geometric series.
4 8 16 32
1 2 3 4
Let S=—+ 4 —+—+....00 (i)
4 8 16 32
1 1 2 3
-5 = = oo N
2 8 16 32
On subtracting eqn (ii7) from eqn (ii), we get 1 1
lS =l+ l+i+i+ ..... oo =i=i:l = §=1
2 4 8 16 32 1_1 1 2
logx =1 xlog?2 2 2 (From (7))

= logx =log2 = x=2.
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PRACTICE SHEET

n
&)

Ch 1-44
. 7 10 )
1. The sum to n terms of the series 1+§+5—2+5—3+ ..... is
25  Tn+10 17 dn+7
a) | ———— b)y| —————
()[14 14><5"‘1] ()(12 12><5"‘1]

35 12n+7
11 11x5"!

© (16_16><5”‘1

2. Sum the series: 1 +2.2+3.22+ ..... +100.2%°

@ [1_5_ 10n +2 j

(@) 99.2100 (b) 100.2100
() 99.2190 + | (d) 1000.2100
(Kerala PET 2001)

6 10 14

3. The sum to infinity of the series 1+ —+ =+ —+ —
. 33 3 3
is
(a) 6 ()2 (c)3 (d) 4
(AIEEE 2009)

4. Given cot 0 = 2\/5, the sum of the infinite series
1+2(1-sin0)+3(1-sin0)?+4 (1 -sin0)’+.....is

(@62 (b8 ©)9 ) 82
(AMU 2006)
S.If4+4+d+4;2d+ ..... o0 =10, then d is equal to
@5 (b) 8 (©) 10 @) 16
(DCE 2007)

1. (c) 2. (0) 3. (b) 4. (c) 5. (d)

HINTS AND SOLUTIONS

4 7 10 . .
1. 1+—+—2+—3+ ....... is an A.G.P. with
5 5 5
AP :1+4+7+10+......
1 1 1
GP:l+—+—+—+...
5 52 5
nthterm of AP.=1+3(n—-1)=3n-2
n—1
1 1
nth term of G.P. = 1X (—) =—
5 5)1*
3n—-2

nth term of the A.G.P. =

571—1

3(n-1)-2 3n-5

(n — 1)th term of the A.G.P. =

5n—2 - 5!1—2
4 7 10 3n—-2
Nowlet S =l+_—+—=+—=+..+—F7F
" 55 5 5"
1 4 7 3n—-5 3n-2
=S, = —+—=+—+..... —
5 5 52 53 Sn 1 Sn
S, — S,,=1+§+i+i ..... 3 _3n=2
5 52 3 5/1—1 Sn
N R Y S I | 3n=2
5 5 52 511—2 517
1(1_ 1) -
= =S, =1+ > -
1 5"
1-=
5
a(l-r"
- S ( ),r<1
" 1-r

5 4 Sn—l Sn
3 3 3n—-2 7 3 3n-2
=1+-- -1 T4 a1
4 4.5" 5" 4 45" 5"
35 15 3n—-2
= Sn:__ n—1+ n—1
16 16 X5 4.5
35 (15+12n-8)_35 12n-7
16 16x5""! 16 16x5"'°
2.1+224322+423+.....+100.2% is
clearly an AGP with AP.: 1 +2+3+ ... 100
and GP.:1+2+22+....+29,
Let S=1+22+322+423+ ... +100.2%
28 = 24 222+323+ ...+ 99.29 +100.2100
S—25=(1+2+22+23+...2%9)-100.210
100 _
= _S= %—100.2‘00

S, = a(r_;l) and this is a G.P.
r—

with 100 terms, a=1,r =2
=2100_1_100.2100
S =210 1002104 1=210 (100-1)+1
=99.2100 4 1,

3. Let S 1+2+6+10+14+ upto
. e = — - - T T e 0
3032 3 3 b
—S: l i i —S“l‘ ..... uptOOO
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1 1 4 4 4
= S——S=1+—+—+—+—+.... upto oo
3 3 32 3 3 P
4 1 1 1 }
=—4+4| —=+—+—+...
3 32 3 3
s
2
A S, = a
1_1 1-r
L 3
1
9 12
2 6
L3

4. Let S, =1+2(1-sin0)+3(1-sinB)?
+4(1 -sin 0P + ... 0

= S,=1+2a+3a>+4a> + ... 0
(where a =1 —sin 0)
as, = a+2a>+3a*+ ... 0

=8, —aS, =l+tata*+ad+... o

(1-a)$, =

1-a
1 1
“ (1-a) (1-1+sin06)’

1
= = cosec’ 0
sin” 6
= S, =cosec’0=1+cot?f=1+ (2V2)> =1+8=09.
44+4d 4+2d 4+3d
S. Let S=4+ sttt
5 5
1 4 4+d 4+ 2d
=S = - + —— + +.00
5 5 52 53
= S—lS =4+£+i+d+ ..... oo
5 5 52 3
= ) —4+i[1+—+i+ ..... }
5 52
= iS:4+ix ! iS 4+ix§
5 1_1 5
5
4 d 5d
=S =4+—- = S=5+—
- 5 4 16

Given S=10

5+z=10 = z:5 = d=16.
16 16

SOME SPECIAL SERIES

( KEY FACTS )

1. Sum of first » natural numbers

Let S=1+2+3+4+ ... +n
Clearly, thisisan A.P. witha=1,/=n, n=n.
+
s="@+n= n(m+l
2
2. Sum of the squares of first n natural numbers
Let S=12+22+32+4+ ... +n’
+1)(2n+1
Then, S=n?= n(n )6( n+1)

3. Sum of the cubes of first » natural numbers

Let S=1P+2+33+483+...+n
2
+1
Then, S =2n’ :{n(nT)} =(Zn)’
4. If T,=an®+ bn*+ cn +d, then

Sn=a2n3+b2n2+cZn+dn

_ nn+1)

, where ¥ stands for summation.

_ a‘:n(n+l)T+b[n(n+1)(2n+l)}+c‘:n(n2+l)i|+dn'

2
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SOLVED EXAMPLES

Ex. 1. Find the nth term and then sum to » terms of the following series.

@) 12P+12+2)+(12+22+3%) +.... (i) 3.5+4.7+59+.....
Sol. (i) nth term of the given series
3 2 3 2
T 124224324 +n2=2n2=n(n+1)(2n+1)=2n +3n th_m m.on
" 6 6 3 2 6
2 2
g =l-En3+l-Zn2+l-Zn:l-n (n+1) +l.n(n+l)(2n+1)+l.n(n+l)
"3 2 6 3 4 2 6 6 2
+1 +1)(n* +3n+2 +D)(n+1)(n+2 +1)? (n+2
L OED gy ) < RO DO #3042 () (D (142)_n(nt D)’ (n+2)
12 12 12 12
(i) In the given series each term is the product of two factors. The factors 3, 4, 5, ..... are in A.P. having 3 as the

first term and 1 as the common difference, therefore the nth term of this A.P.=3 + (n — 1)1 =2 + n. Also, the
factors 5, 7, 9, .... are in A.P. having 5 as the first term and 2 as the common difference, therefore the nth term
of thisAP.=5+(n—-1)>=2n+3

nth term of the series = (2 + n) (2n + 3)

= T, = 2n*+7Tn+6
oS =25 +TEn+en= DAY TnntD o
n 6 2
C2n(n+1)Q2n+D)+2ln(n+1)+36n _ 4n’ +27n +59n
6 6 '
Ex. 2. What is the sum of the series 152 + 162 + 17% + ..... + 302 equal to? (Kerala PET 2004)

Sol. 1524162+ 172+ ... +30> =(12+22+32+ ... +30%) - (12+22+ 3%+ ...+ 14?)

30 14
1 1
=Y -3k =—x30x31x(2x30+1)—gx14x15x(2x14+1)
k=1 k=1

6
n ) 1
v Y K ==Xn(n+1)(2n+1)
i 6
30x31x61  14x15x29

= = 9455 - 1015 = 8440.
6 6

Ex. 3. What is the sum of the series 13 —23+33 - 43+ ....... + 93 equal to? (AIEEE 2002)
Sol. Reqd. Sum =(1?+23+33+43+ ... +9) 223+ 4+ 6>+ 8%
=(P+23+33+ ... +9) 2413+ 22+ 3° + 4%)

9 4 2 2 2 2 2 2
+1 4 4+1 L
=2k3—242k3=9 O+ EPTRY xX(4+1) 2!{3:” (n+1)
k=1 k=1 4 4 k=1 4
_ 81><100_16><16><25:2025_16002425.
4 4
Ex. 4. Find the sum of n terms of the series whose nth term is n? + 3"

Sol. t, =n*+3"
= t, =12+3!
1, =2%+3?

2

, =32+33
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1, =4*+3¢
1, =n*+3"
Adding columnwise, we get
Lttt +e =(12+22+32+ . +n)+ (3 +32+ .+ 37
o .(3" - H(2n+1
:Zk2+3(3 ) nr+1)Q2n+ )+§(3”_1).
k=1 G-D 6 2

Ex.S.If §,, S, and S, are the sums of the first n natural numbers, their squares, their cubes respectively, then
show that 95,2 =5, (1 +8S))
n(n+1) _n(n+)(@2n+1) g n* (n+1)*
2 772 6 o 4

Sol. S, =
1 ? 1
9S> —9{gn(n+l)(2n+l)} =9{¥n2 (n+1)? (2n+1)2}
=%n2(n+1)2(4n2+4n+1):in2 (n+1)* (4n(n+1)+1)

= %nz (n+1)* (l+8(%n(n+l)jzs3 (1+8S,).

PRACTICE SHEET
) I 1+2) (A+2+3) N n
1. What is the nth term of the series 1+ + 3 ©) 3 (3n2 +5n+11) () < (4n2 +15n+17)
o ?
AMU 200
n+1 n(n+1) 5 A4 a2 A2 9. ¢ 9
(a) > @) — 3. The value of 17— 2=+ 3% — 4=+ ..... + 11°is equal to
(a) 55 (b) 66 (c) 77 (d) 88
(n+1)(2n+3) (Kerala PET 2011)
2 _ + l [ A
@n°=(n+1) @ 2 4. Sum of n terms of the series 13+ 33+ 53+ 73 + ... is
27,2 24 3,2
2. For n € N, the sum of the series 2.3 + 3.5 + 4.7 + ... (@ n3 (2n”—1) (b) 2? 3n
+(n+1) (2n+ 1) is equal to (@n*(n—1) (@n”+8n+4
(WBJEE 2010)
(a)£(2n2+3n+1) (b) ln(n2+n—l) 5.1fS =13+2%+....+n’ and T,=1+2+3+...+n,then
3 6 @8,=T2 b)S,=T> ()S2=T, (d)S2=T,
(EAMCET 2007)

1. (a) 2. ) 3. (b) 4. (a) 5. (a)

HINTS AND SOLUTIONS
2.Let §=23+35+47+...+(m+1)2n+1)

1. Reqd. nth term = U U
d n =Y (k+D)Qk+1)=Y 2k +3k+1)
k=1 k=1

2 n 2 :zik2+3ik+n
k=1 k=1
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Xn(n+1)6(2n+1)+3xn(n2+1)+n

NS}

2(n+1)Qn+1)+9(n+1)+6]

[4n* +6n+2+9n+9 + 6]

= = (4n® +15n+17).

aly ol ol

JLet S=12-22+32_42+ . +11°

=(12+22+32+ 424 .+ 112) - 222+ 42+ 62+ 8%+ 11?)
=(124+22+32+42+ . +11%) = 23(12+ 22+ 32+ 42 + 52)
XA+ D) x@2Xx11+1)  8X5X(5+1)X(2x5+1)

6 6
11x12%x2 11
_ 1Ix12x 3_8><5><6>< 93 %9340 x 11
6 6
=506 — 440 = 66.

.LetS =13+33+53+ 73+ . upto n terms

nth term of the series = (2n — 1)

LS = > (2k -1 = Y [8k® — 112k + 6k]

k=1 k=1
= 8ik3—12 ik2+6 ik—n
k=i k=1 k=1

n’ (n+ 1)2 3
4

n(n+1)(2n+1)

=8 12 x

n(n2+1) .
=22 (*+2n+1)-2n2n*+3n+1)+3n(n+1)—n
=2n*+4n3 +2n® —4n® —6n> - 2n+3n*>+3n—n
=2n* + n?=n? (2n*-1).

+6X

5.8, =%n
Wm+1? (nn+1) Y .
= 1 = 5 ..(0)
r=2r0) (”; b ..(ii)
.. From (7) and (if)
Sn = Tnz

SELF ASSESSMENT SHEET

1.

If the first term of an A.P. be ‘a’, second be ‘b’, and nth be
‘2a’, then the sum of n terms is

3ab 2ab ab 3ab
@D -0 @560 Q20-09 6-0
(MPPET 2010)

.If § denotes the sum of n terms of an A.P., then

S,.3-3S,,,+35 ,,—S, isequal to

(@) 0 ()1 (©)2 (d)3

(Kerala PET 2000)

. The interior angles of a polygon are in A.P. The smallest

angles is 120° and the common difference is 5°. The number
of sides of the polygon is
(a)8 (b9

() 12 (d) 19

(AMU 2010)

. Divide 20 into four parts which are in A.P. and such that the

product of the first and fourth is to the product of the second
and third in the ratio 2 : 3. Find the product of the first and
fourth term of the A.P.
(a) 12 (b) 16

(c) 20 @) 25

. The sum of the first p terms of an A.P. is ¢ and the sum of

the first ¢ terms is p. Find the sum of the first (p + ¢) terms.
(@) pq byr-q ()-@+q) O

. In a G.P, the ratio of the sum of first 3 terms to that of the

first 6 terms is 125 : 152. Find the common ratio of the G.P.
3
(d) 3
(J&K CET 2007)

2 3 4
(@) 3 (b) 1 (c) 3

7. The sum of n terms of the following series 1 + (1 + x)
+(1+x+x?)+... willbe

1-x" x(1—x")
(a) (h) ——
1-x 1-x
I-x)—x(1-x"
(c) G xg *) (d) None of the above
(1-x)
(AMU 2003)
- + — e +
8.1fa,, a,, ....., agy are in G.P., then e e B 49
ay —dy + a5 —..... +as,
is equal to
al %
(@) 0 (b) 1 (c) — (d) —-
@ s
(Kerala PET 2006)

9. If a, b, ¢ are in G.P and x, y are the arithmetic means of a,

1 1
b and b, ¢ respectively, then —+— is equal to
Xy

b b 2 3
— b — — —
(@ > (b) 3 © 5 Gl
10. If S'is the sum to infinity of a G.P. whose first term is 1, then
the sum of its first » terms is
o sfi-L]
S

n—1
(a)S(l—%j
1 n—1 1 n
oAt} w2

(AMU 2004)
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H H
11. If H is the harmonic mean between P and O, then ) + 5 =

@2 O @y @
(VITEEE 2007)
12. If a, b, c are in G.P, then log, 10, log, 10 and log, 10 are in
(a) AP (b) G.P (c) H.P. (d)None ofthese

13. If the sum of the roots of the quadratic equation ax? + bx
+c¢=0be equal to the sum of the reciprocals of their squares,
then bc2, ca?, ab?® will be in

(a) A.P. (b) G.P. (c) H.P. (d)None ofthese
14. Leta,, a,, .... ,a,,be in A.P. and 4, h,, ..., h, be in H.P.

Ifa,=h =2and a,,= h,,= 3, then a,h, is

(a)2 ()3 (e)5 (d)6 (zI7)

b
15. 1f a, b, ¢ are in H.P, then ——, —— + will be in
b+c c+a a+b
(a) A.P. (b) G.P. (c) H.P. (d)None ofthese
(VITEEE 2011)

16. If | x | < 1, then the square root of the sum 1 + 2x + 3x?

+4x3+ ... 0

@1-x) O)A+x) ©@©U-0' @1A+x"!

(Rajasthan PET 2007)

2
1 1

17. The sum to n terms of the series 1+ 2 (1 +—)+ 3 (1 +—J
n n

+....18
(a)n? (©(m+ 172 (dn(n+1)
(EAMCET 2000)

18. Find the sum of n terms of the series whose nth term is
2n%+ 3n

B)yn(n-1)

(a) %n(n+l) (2n+5) (b) %n(n+1) (4n+1)

@) %(n2—6n+3) (d) %n(n—l)(n2+l)

19. Find the sum of the series 1.2%2 + 3.32+ 5.4%2+ ... to n terms

(@) g(;ﬂ +an> +4n—1) (b g(n +1)2 2n+1)

2

© n?(n+1)2 Qn+1)  (d) g(n3+4n2—2n+1)

20. If the sum of first n terms of an A.P. is cn?, then the sum of
the squares of these 7 terms is

2 2 2 2
@ n (4n 6— e ®) n (4n 6+ e
© n (4n23— 1) ? @ n (4n23+ 1) ?

(IIT 2009)

1. (a) 2. (a)
1. @  12. (0

3. (b)
13. (a)

4. (b)
14. (d)

5. (¢)
15. (¢

HINTS AND SOLUTIONS

1. Let the common difference of the A.P. be ‘d’. Then
d=b-a (D)
and T =2a=a+(n-1)d

= 2a=a+m-1)(b-a) (Using (7))
= 2a=at+bn-b-—na+t+a
b
= b=n(b-a) = n=
b-a
S zﬁ{a+Tn}=L(a+2a):i.
"2 2(b-a) 2(b-a)
2.8, .,-35,,,+35 .,-8,
:(Sn+3_Sn+2)_2(Sn+2_Sn+l)+(Sn+l_Sn)
:tn+3_2tn+2+tn+l (Z)
( tn:SniSn—l)
L, 1oL,y 00 L, . 5 are consecutive terms of an A.P,
2tn+2 = tn+l + tn+3 (”)

6. (d) 7. (c) 8. (o) 9. (¢ 10. (d)
16. (c) 17. (a) 18. (b) 19. (a) 20. (c)
From (i)
Reqd. Sum=(¢, ,+¢ ,,)-2t .,

=2t ,,-2t . ,=0 (Using (ii))
3. Let the polygon have 7 sides.
Then, sum of its interior Zs (S,) = (2n —4) 1t. Ls
=(n—-2)x180° (D)
Number of sides of the polygon = number of interior angles
of the polygon = n.

The interior angles form an A.P. with first term = 120° and
common difference 5°.

n

s :g [2 % 120°+ (n— 1) x 5°]

- % [240° + 51 — 5°] (i)
From (7) and (ii),
(n—2) % 180° = 3[2400 +5n -5
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= (n—2)x360=5n>+235n
= 5n*+235n-360n+720=0
= 5n*-125n+720=0 = n®>-25n+144=0
= n-16)(n-9)=0 = n=16 or 9.
when n =16, the last angle a, =a + (n—1) d
=120°+ (16 — 1) x 5°=195°
which is not possible.
Hence, n=9.
4. Let the required four parts be (a — 3d), (a — d), (a + d),
(a+3d)
Given, a—-3d+a—-d+a+d+a+3d=20
= 4a =20=>a=>5
(a-3d)(a+3d) 2

Also,
(a=d)(a+d) 3
= 3(a*> - 9d?) =2(a*-d?)
= 3(25-9d?) =225 -d?)
= 75-27d* =50 -2d> = 25=25d?
= d=+1

Taking d = 1, the numbersare 5—-3,5—-1,5+1,5+3, i.e.,
2,4,6,8

Taking d = —1, the numbers are 5 +3,5+1,5-1,5-3,
ie,8,0,4,2

Required product in either case =2 x 8§ = 16.
5. Since S, = g[Za + (n—1)d] for an A.P. whose first term

= a, common difference = d, number of terms = n.
_, - P
S,=4= % Qa+(p-Dd)

= 2g =2ap+p(p-1)d (D)
S,=p=73 Qatg-1)d
= 2p =2aq +q(q—1)d ..(i0)

Subtracting eqn (if) from eqn (i), we get
2q-p)=2a(p-q)+@P*-¢d-p-q)d
=-20-9)=2ap-9+P-9@P+TPd-(p-9d
2 =2a+[(p+q) - 11d ...(iii)

_prPtq _
Now § ., = 5 [2a+(p+q-1)d]
+
= %x—z (From (iii)
=-(p+tg).
6. Let a be the first term and » the common ratio of the G.P.
a(r3 -1
S 12 -1 12
Then, 23 _5 %:_5
Se 152 a@® -1 152
(r=1
-y 125 (- _125
-1 152 P+ -1 152
I U £ R}

= = =
125 125 125

3
= r3=[§) = rzé.
5 5

7. S, =1+1+x)+(1+x+x%)+ .. nterms

=8 = i [(1=x)+1=x) 1 +x)+(1—x) (1 +x+x2)

+ .... to n terms]

i [(1=x)+(1=x»)+(1-x%+... tonterms]

! [n—(x+x*+x*+ ... to n terms]
- X

1 |:n_x(l—x"):| ( S =a(1—r")]
1-x I-x " 1—r

n(l-x)—x1-x")

(1-x)*
8. Let the first term of the G.P. be a and common ratio . Then,
ap—ayt+as—..tay a—ar2 +ar4 —....+ar48
ay —ay +ag —....tas ar—ar’ +ar’ — ...+ ar®
B a(l—r2 +r —....+r48)
ar(1-r* +r* = +r%)
a_4
ar a,
9.a,b,careinGP = b*=ac ()
+b
xisthe AM.ofa, b = x=“2 . (if)
: b+c
yisthe AM.ofb,c = y= > ... (D)
1 1 2 2 2(b+c)+2a+b)
Now —+— = =
X vy a+b b+c (a+b)(b+c)
2(a+2b+c) 2(a+2b+c)

ab+b* +ac+bc ab+b* +b* +be
2(a+2b+c) 2

b(a+2b+c) b
10. Let the first term of the G.P. be ¢ and common ratio r.

=>S:1

1—7r 1—-r

1 1
= l-r=— = r=1-—
S S

Given S =

Let S, be the sum of first # terms of the series. Then,

s - a=r) Colrl<1)
n 1-r
11— 1—l i %
e
(1))
S



SEQUENCE AND SERIES

Ch 1-51

11. H being the harmonic mean between P and Q.

2 PO
P+0Q

H_H _ 20 2P _2(P+0)_,
P Q0 P+Q P+Q P+Q
12.a,b,careinG.P = b =ac
1 1

_
log,10 log,.10

= log,,a +log,,c = log,, (ac)

=1 =21 b= —
Oglo OgIO logbIO

1 1
log, 10” log, 10" log, 10
= log, 10, log, 10, log_10 are in H.P.
13. Let a., B, be the roots of the equation ax® + bx + ¢ = 0. Then

are in A.P.

b
Sum of roots = ot +B=—— ..(0)
a
Product of roots = 0€I3=£ (7))
a
. 1 1
Given, a+B=—2+B—2
o
2, 2 2
o +B° (+P)” —20p
= atp=—7ps—= a2
o oB
_bY 2
b a a . .
(——j = 5 (From (7) and (i7))
a c
2
b _2e
b2 a —bc® b’ =2ac
a i a’ a’
22
b 2
= —L:bz—Zac = —bc?=ab*-2ac
a
= 2a%c = ab* + bc?

= ab? d’c, bc* are in A.P.

14. Let d be the common difference of the given A.P,
ay, yy oy Ay,
Then, given, a;, =2 anda,,=a, +9d=3

1
1
= 2+9d=3 = d=§
1 1 7
=a,+3d=2+3%x —=2—-=—
= a, =a, 9 373 )
Now, Ay, h,, ...., h,, are in H.P.
1 1 1 .
= —,—,...,— arcin A.P.
by hy hyo

Let d, be the common difference of this A.P.

1 1
Given, h, =2 = Firstterm of the A.P = w = 5
1

1
Also, h,=3 = -—=—+9,
h
10 il
Y AN AU S S
2 6
1
= d=-—
54
RN SRS SO I B
hy hy 2 4 2 9 18
18
= h,=— (i
77> (i1)
7 18
From (i) and (ii) ash; = 3 X - =6.
15. a, b, ¢ are in H.P.
11 AP
—,—,— are in A.
a b c
a+b+c a+b+c a+b+c .
= s R are in A.P
a b c
(Multiplying each term by (a + b + ¢))
b+c a+c a+ .
= 1+ 1+ 1+ are in A.P
a b
b+c a+c a+b .
= R N are in A.P.
a b c
(Subtracting 1 from each term)
a_ b in H.P
, s are in H.P.
b+c a+c a+b
16. Let S =1+2x+3x>+4x3+ ... 0 ()

S_ is an infinite A.G.P. withAP.: 1 +2+3+ ... 00

and GP.:l+x+x*+x +..

The common ratio of the A.G.P. is x

s xS, =x+2x2+3x2+ ... 00 (i)
Eq (i) - Eq (i1)
= (1-08, =l+x+x>+x*+ ..o

= (1-xS8, =—
1—x

_ 1
2 (1-x)

=(1-x)"°

Square root of §_ = (1 —x)7L.

1 1 2 1 n—1
17. S = 1+2(1+—)+3(1+—j +....+n[1+—j
n n n
2
(1+1)Sn=(1+lj+2[l+l] + ...
n n n

n—1 n
+(n—1)(1+l) +n(1+lj

n n

( S, is an A.G.P with common ratio (1 + l)j
n
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B B n 2 n
18. T, =2n+3n Sn—ZkZ‘lk +3]§1k

nn+1)

2><%><n(n+l)(2n+1)+3><

%Xn(n+l)(2n+l)+%n(n+l)
2n+1

n(n+1)|: 3 +%:|=n(n+l)[—4n+62+9}

_n(nt+t1)(dn+1)

=

19. nth term (T ) of the given series
=Q2n-1)n+1>=Qn-1)(n>+2n+1)
=23 -2+ 4 -2n+2n—-1=2n3+3n> -1

LS = 2ik3+3 ikz—n
n=1 k=1

n’ (n+ 1)2
4

= 2% +3><%><n(n+l)(2n+1)—n

1
= E[n2 (n2 +2n+1)+(n2 +n)(2n+1)—2n]
= %[114+2n3+nz+2113+2r12+n2 +n—2n]

:%[n4+4n3+4n2—n]:§|:n3+4n2+4n—1:|.

20. Let the sum of first n terms of the A.P, S, = cn?

S Snflzc(n—l)zzc(nz—Zn-*-l)

s nthtermof the AP.=S —-S |
=cn’—c(m?-2n+1)=c@2n-1)

Let Sn2 be the sum of the squares of these # terms. Then,
n
2 _ 2
§2= kzltk

:i[cz (2k—1)2]= i [cz e .4k+c2]
k=1 k=1

where t, = c (2k—1)

= 46'22](2 —4022k +cn
k=1 k=1
2Xn(n+1)(2n+1)
6

= 4c —402XM+02}1

2
cn

:?[4(n+1)(2n+1)—12(n+1)+6]

2
- %[8n2+12n+4712n—12+6]

=02—n[8n2—2] _ n(4n* -1)¢*
6 3 '
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SELF ASSESSMENT SHEET
4 3 —q?
1. IfA={2 5},ﬁndxandysuchthatAz—xA-l-y[=0 “ ab.ac
7.0f| ab —b*  be| =ka?b? 2, then kis equal to
(a)x=9,y=-14 b)yx=14,y=9 a  be —c>
(c)x=9,y=14 (d)yx=-9,y=14

2. If A and B are two square matrices of the same order such
that AB = B and BA = A, then 4% + B? is always equal to

(a1 (b)A+B  (c)24B (d) 2 BA

4 3
a -1 5 34 =30 )
3.1f I 0|= ol then (a, b) is equal to
6

b 3 —4 -
(@ (1,3) D) 2,4) (©)(0,6) (d) (2,-3)
0 3 —4f3
4.1f4=| 3 0 ~—1/4], then det. (4 + 47) is equal to
43 14 0
(@) 0 (b)1 (c)2 (d)3

5. If every element of a determinant of order 3 of value A is
multiplied by 5, then the value of the new determinant is

(a) A b)5A ()25 A (d) 125 A
a I p p q r
6. IfM=|b m glandN=|a b c|,then
c n r I m n
(@M'=N (b)M=-N (c)M=N?> (dM=N?

(a) 4 (b)2 (c)4 (d) 8
A -1 4
8. The matrix | =3 0 1 | isinvertible if

-1 1 2

(@)A#-20 D)A=-19 (c)A=-18 (d)r=-17
9. The element in the first row and third column of the inverse

1 2 -3
ofthe matrix |0 1 2] is
00 1
(a) 2 )0 ()1 (@7

10. The system of linear equations 2x + 2y =5, 5x + ky =9 has
a unique solution if
(a)k#5 b)) k=0 (c) k#-1 (d) k+2
11. The system of equations 3x + 4y =2 and 6x + 8y =4 has
(a) No solution (b) a unique solution
(c) two distinct solutions () infinitely many solutions.
12. The system of equations x + 3y =5, 2x + 6y = 8 has
(@) No solution (b) a unique solution

(¢) infinitely many solutions (4) None of these

1. (¢) 2. (b) 3. (c) 4. (a) 5. (d) 6. (a) 7. (c) 8. (d) 9. (d)  10. (a)
1.d 12 (a)
HINTS AND SOLUTIONS

|43 , |4 3]|4 3
S M I i (e
l6+6 12+15| |22 27
:[8+10 6+25}_L8 31}
Given A2 —xA+y[=0 = A>—xA=—y1
22 27 4 3 1 0
= {18 31}_){2 s}z_y{o 1}
22 —4x 27 -3x -y 0
- L8—2x 31—5x}:|: 0 —y}
= 22-4x=-,27-3x=0
Now 27 -3x=0 = 3x=27 = x=9
L2 -4x=—y = 22-36=—y
= vy=-14 = y=14.
2. We know that if AB = B and BA = A4, then 4 and B are

idempotent matrices, i.e, 42 = A and B> = B.
A>+B*= A+B

Alternatively,
A*+B*= A.A+B.B=A.(BA)+ B.(4B)
= (AB) A+ (BA) B
(Matrix multiplication is associative)

= BA + AB (= AB=B,BA=A4)
= A+B (- BA=A, AB = B)
4 3
a -1 5 34 =30
3. 1 0 =
b3 Al -1 42,
3x2

s d4a—-1+35 3a+0-30
| 4b+3-28 3b+0+24

RIS = 34 =30
-1 a2

Equating corresponding elements we have
4a+34=34=a=0 4b-25=-1=>4b=24=b=6
an
3a-30=-30=a=0 3b+24=42=3b=18=b=6
a=0,b=6.

4a+34 3a-30
4b—-25 3b+24



WHY MODULUS JUNIOR COLLEGE ?

Best IITIEE Faculty : Team led by an Alumni of lIT Delhi, MODULUS has expert faculty to provide
IITIEE coaching, mentoring and counselling to the students to reach their goal.

Exceptional Teaching Methodology : Concept Oriented Teaching rather than Rote Learning.
Sufficient self-study time is given to grasp the concepts and to apply them to solve the difficult
problems. Classes will be interactive to keep students curious and interested in subject.

“I listen - | forget,

| read -l remember,

| do - I understand”
following this saying, measures like asking students to teach some subtopic will be taken.

Scientifically Researched Program : IITJEE experts /toppers recommend for every one hour of
teaching, one hour of self study should be given. Triumph program is designed keeping this in mind.

Optimum Batch Size : Batch size of 30-35 students to provide individual attention to each and every
student.

Excellent Study material : Complete, well structured and comprehensive study material prepared
by our Subject Matter Experts will be provided.

Regular Exams : IITJEE(JEE MAINS/ADVANCE), BITSAT & EAMCET pattern exams will be conducted
weekly to test students followed by test analysis to diagnose the students weak areas.

Students Mentorship Program : Students will be assigned Mentors to resolve their day
to day problems. MENTORS will follow up with students on regular basis to monitor their progress
and will help them to stay focused on their goal.

Overall Personality Development : Regular sessions of YOGA, MEDITATION, SPORTS,
Moral and Ethical Behavior will be conducted for students holistic development.

Regular PTM & Motivational seminars: Regular Parent - Teacher meetings will be conducted to
discuss the performance of their ward. Regular motivational seminars by [IT Alumni, lIT JEE Experts
to instigate the deep desire in students to work hard to get admissions into world class institutes.

Career Guidance to students after completion of their Intermediate course.
Transport Facility: Transport Facility will be provided to needy students.

Hostel Facility: Separate hostel facility for BOYS and GIRLS will be provided.

www.modulushyd.com



WEEK DAYS / WEEKENDS
Class Room Programs

For 7th Class Students
ENRICH TWO YEAR

For 8th Class Students
ENRICH ONE YEAR

The main aim of the programme is to enrich logical thinking, 1Q besides laying strong
foundation in MATHS, PHYSICS, CHEMISTRY.

This program also helps students to excel in school exams.

For 9th Class Students For 10th Class Students
REFINE TWO YEAR REFINE ONE YEAR

The goal of this program is to lay strong foundation for the most prestigious competitive
exams like NTSE, IIT-JEE, KVPY, NSEJS and other Olympiads.

This also helps students to perform exceptionally in board exams.

For 11th Class Students For 12th Class Students
TRIUMPH TWO YEAR

TRIUMPH ONE YEAR

The above programs will help the student to perform well in lIT-JEE Mains and Advanced
exams. This also equip the student excel in other engineering and board exams.

ADDRESS

OPP. ZENAS INTERNATIONAL SCHOOL , Near Miyapur Metro First Pillar ,
/ | Mathrusri Nagar , Miyapur ,Hyderabad.

N

@ www.modulushyd.com & www.facebook.com/modulushyd @ modulushyd@gmail.com



